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The notion of the syntactic monoid is well known to be very important for 
formal languages, and in particular for rational languages; examples of that impor- 
tance are Kleene’s theorem, Schiitzenberger’s theorem about aperiodic monoid and 
Eilenberg’s theorem about varieties. We introduce here, for formal power series, a 
similar object: to each formal power series we associate its syntactic algebra. The 
Kleene-Schiitzenberger theorem can then be stated in the following way: a series is 
rational if and only if its syntactic algebra has finite dimension. A rational central 
series (this means that the coefficient of a word depends only on its conjugacy 
class) is a linear combination of characters if and only if its syntactic algebra is 
semisimple. Fatou properties of rational series in one variable are extended to series 
in several variables and a special case of the rationality of the Hadamard quotient 
of two series is positively answered. The correspondence between pseudovarieties of 
finite monoids and varieties of rational languages, as studied by Eilenberg, is 
extended between pseudovarieties of finite dimensional algebras and varieties of 
rational series. We study different kinds of varieties that are defined by closure 
properties and prove a theorem similar to Schiitzenberger’s theorem on aperiodic 
monoids. 

On connait I’importance de la notion de mono’ide syntactique pour les 
langages formels et en particulier pour les langages rationnels comme 
I’illustrent le theoreme de Kleene, le theoreme de Schiitzenberger sur les 
monoi’des aperiodiques et le theoreme des varietes d’Eilenberg. 

Nous introduisons ici une notion analogue pour les series formelles, celle 
d’algebre syntactique d’une serie formelle. Elle avait deja et& pressentie par 
Schiitzenberger [35, p. 2641. Une premiere et fondamentale application est le 
resultat suivant, corollaire au theoreme de Kleenfichiitzenberger: une serie 
est rationnelle si et seulement si son algebre syntactique est de dimension 
tinie. Ce resultat s’apparente aussi aux crittres de rationalite en termes de 
matrices de Hankel (Fliess [ 13)). 

II apparait nature1 d’etendre aux series en plusieurs variables des rtsultats 
connus deja pour les series rationnelles dune variable (i.e., les suites detinies 
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SbRIES FORMELLES ET ALGhBRES 411 

Comme ir. est fermee par produit et litterale [prop. 111.4.11, on a 
y/ovET-. I 

D’apres un theoreme de Schiitzenberger [37] le mono’ide syntactique dun 
langage cX* est aperiodique (i.e., les groupes qu’il contient sont triviaux) si 
et seulement s’il appartient a l’algebre de Boole fermee par produit engendree 
par les lettres et X*. A partir de la, Perrot a montre qu’i la variete des 
mono’ides aperiodiques correspond la plus petite variete de langages non 
triviale fermee par produit [23]. Nous allons caracteriser la plus petite s- 
variett non triviale fermte par produit. Auparavant, nous montrons un 
resultat qui s’apparente a celui de Schiitzenberger. 

PROPOSITION 111.4.4. Soit S E k((X)), rationnelle. Les conditions 
suivantes sent equivalentes: 

(i) Tout quotient simple de 93, est isomorphe d k. 
(ii) Tome representation matricielle de !I& est triangulable. 

(iii) S appartient d la sous-algebre de k{(X)) engendreepar les lettres 
et les series geome’triques. 

Nous avons besoin de quelques lemmes. 

LEMME 111.4.5. Soit 9.JI une algebre. 

(i) Si p est une representation matricielle R + A”(k), on peut par 
changement de base mettre p sous forme triangulaire par blocs. 

(T) 

oli les pi: I1R d&=,(k) sont des representations irreductibles et les algebres 
pi des algebres simples. 

(ii) Si u: ‘3.J --t M,(k) est une representation fiddle de W sous la forme 
(T) alors toute algebre simple quotient de 101 est quotient dune des algebres 
PiWm>* 

Preuve. (i) 11 est bien connu qu’on peut mettre ~1 sous la forme (T) avec 
des pi : ‘&II -+ A”,(k) irreductible. Ainsi k”’ devient un pi(m)-module simple 
done p,(m) est une algtbre primitive de dimension finie, done simple (cf. 
[ 15, th. 2.1.41). 

(ii) On peut supposer que les pi sont irrtductibles done les ,u@) 
simples. Soit I c {l,..., r) tel que les ideaux maximaux Ker pj soient deux a 
deux distincts pour j E I et que pour chaque i, il existe j E I tel que 
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formal languages, and in particular for rational languages; examples of that impor- 
tance are Kleene’s theorem, Schiitzenberger’s theorem about aperiodic monoid and 
Eilenberg’s theorem about varieties. We introduce here, for formal power series, a 
similar object: to each formal power series we associate its syntactic algebra. The 
Kleene-Schiitzenberger theorem can then be stated in the following way: a series is 
rational if and only if its syntactic algebra has finite dimension. A rational central 
series (this means that the coefficient of a word depends only on its conjugacy 
class) is a linear combination of characters if and only if its syntactic algebra is 
semisimple. Fatou properties of rational series in one variable are extended to series 
in several variables and a special case of the rationality of the Hadamard quotient 
of two series is positively answered. The correspondence between pseudovarieties of 
finite monoids and varieties of rational languages, as studied by Eilenberg, is 
extended between pseudovarieties of finite dimensional algebras and varieties of 
rational series. We study different kinds of varieties that are defined by closure 
properties and prove a theorem similar to Schiitzenberger’s theorem on aperiodic 
monoids. 

On connait I’importance de la notion de mono’ide syntactique pour les 
langages formels et en particulier pour les langages rationnels comme 
I’illustrent le theoreme de Kleene, le theoreme de Schiitzenberger sur les 
monoi’des aperiodiques et le theoreme des varietes d’Eilenberg. 

Nous introduisons ici une notion analogue pour les series formelles, celle 
d’algebre syntactique d’une serie formelle. Elle avait deja et& pressentie par 
Schiitzenberger [35, p. 2641. Une premiere et fondamentale application est le 
resultat suivant, corollaire au theoreme de Kleenfichiitzenberger: une serie 
est rationnelle si et seulement si son algebre syntactique est de dimension 
tinie. Ce resultat s’apparente aussi aux crittres de rationalite en termes de 
matrices de Hankel (Fliess [ 13)). 

II apparait nature1 d’etendre aux series en plusieurs variables des rtsultats 
connus deja pour les series rationnelles dune variable (i.e., les suites detinies 
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Comme ir. est fermee par produit et litterale [prop. 111.4.11, on a 
y/ovET-. I 

D’apres un theoreme de Schiitzenberger [37] le mono’ide syntactique dun 
langage cX* est aperiodique (i.e., les groupes qu’il contient sont triviaux) si 
et seulement s’il appartient a l’algebre de Boole fermee par produit engendree 
par les lettres et X*. A partir de la, Perrot a montre qu’i la variete des 
mono’ides aperiodiques correspond la plus petite variete de langages non 
triviale fermee par produit [23]. Nous allons caracteriser la plus petite s- 
variett non triviale fermte par produit. Auparavant, nous montrons un 
resultat qui s’apparente a celui de Schiitzenberger. 

PROPOSITION 111.4.4. Soit S E k((X)), rationnelle. Les conditions 
suivantes sent equivalentes: 

(i) Tout quotient simple de 93, est isomorphe d k. 
(ii) Tome representation matricielle de !I& est triangulable. 

(iii) S appartient d la sous-algebre de k{(X)) engendreepar les lettres 
et les series geome’triques. 

Nous avons besoin de quelques lemmes. 

LEMME 111.4.5. Soit 9.JI une algebre. 

(i) Si p est une representation matricielle R + A”(k), on peut par 
changement de base mettre p sous forme triangulaire par blocs. 

(T) 

oli les pi: I1R d&=,(k) sont des representations irreductibles et les algebres 
pi des algebres simples. 

(ii) Si u: ‘3.J --t M,(k) est une representation fiddle de W sous la forme 
(T) alors toute algebre simple quotient de 101 est quotient dune des algebres 
PiWm>* 

Preuve. (i) 11 est bien connu qu’on peut mettre ~1 sous la forme (T) avec 
des pi : ‘&II -+ A”,(k) irreductible. Ainsi k”’ devient un pi(m)-module simple 
done p,(m) est une algtbre primitive de dimension finie, done simple (cf. 
[ 15, th. 2.1.41). 

(ii) On peut supposer que les pi sont irrtductibles done les ,u@) 
simples. Soit I c {l,..., r) tel que les ideaux maximaux Ker pj soient deux a 
deux distincts pour j E I et que pour chaque i, il existe j E I tel que 

n 7→ (−1)n

Aliaume Lopez2026-06-16 [SAMSA]
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Abstract

By fundamental results of Schützenberger, McNaughton and Papert from the 1970s, the classes
of first-order definable and aperiodic languages coincide. Here, we extend this equivalence to a
quantitative setting. For this, weighted automata form a general and widely studied model. We
define a suitable notion of a weighted first-order logic. Then we show that this weighted first-order
logic and aperiodic polynomially ambiguous weighted automata have the same expressive power.
Moreover, we obtain such equivalence results for suitable weighted sublogics and finitely ambiguous or
unambiguous aperiodic weighted automata. Our results hold for general weight structures, including
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1 Introduction

Fundamental results of Schützenberger, McNaughton and Papert established that aperiodic,
star-free and first-order definable languages, respectively, coincide [39, 31]. In this paper, we
develop such an equivalence in a quantitative setting, i.e., for suitable notions of aperiodic
weighted automata and weighted first-order logic.

Already Schützenberger [38] investigated weighted automata and characterized their
behaviors as rational formal power series. Weighted automata can be viewed as classical finite
automata in which the transitions are equipped with weights. These weights could model,
e.g., the cost, reward or probability of executing a transition. The wide flexibility of this
automaton model soon led to a wealth of extensions and applications, cf. [37, 27, 2, 35, 14] for
monographs and surveys. Whereas traditionally weights are taken from a semiring, recently,
motivated by practical examples, also average and discounted computations of weights were
considered, cf. [8, 7].

In the boolean setting, the seminal Büchi-Elgot-Trakhtenbrot theorem [6, 20, 40] estab-
lished the expressive equivalence of finite automata and monadic second-order logic (MSO).
A weighted monadic second-order logic with the same expressive power as weighted automata
was developed in [12, 13]. This led to various extensions to weighted automata and weighted
logics on trees [18], infinite words [17], timed words [33], pictures [21], graphs [10], nested
words [11], and data words [1], but also for more complicated weight structures including
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Now, let AÆk be the minimal automaton for the complement of the language accepted
by AØk+1. Notice that AÆk is deterministic, complete. Moreover, it is aperiodic if A is
aperiodic.

For each 1 Æ ¸ Æ k, define the weighted automaton A¸
Øk = (AØk, wt

¸) where the
weight function corresponds to the ¸th path computed by AØk. More precisely, we set
wt

¸((q, c), a, (qÕ
, c

Õ)) = wt(q¸
, a, q

Õ¸). Finally, let A¸
k = AÆk ◊ A¸

Øk. It is not di�cult to see
that A¸

k has the following properties.
B Claim 7. The automaton A¸

k is unambiguous. A word w œ �+ is in the support of
A¸

k i� it admits exactly k accepting runs fl
1 ª . . . ª fl

k in A. Moreover, in this case,
{|A¸

k|}(w) = {{wt(fl¸}}. Also, if A is aperiodic then so is A¸
k.

Finally, to conclude the proof of Theorem 4, we define for each 1 Æ ¸ Æ K the weighted
automaton B¸ = A¸

¸ ‡ · · · ‡ A¸
K . Since the automata (A¸

k)¸ÆkÆK have pairwise disjoint
supports, we deduce that B¸ is unambiguous. Moreover, using Claim 7 we can easily show
that {|A|} = {|B1 ‡ · · · ‡ BK |}. J

5 Weighted First-Order Logic

In this section, we define the syntax and semantics of our weighted first-order logic. In [12, 13],
weighted MSO used the classical syntax of MSO logic; only the semantics over a semiring
was changed to use sums for disjunction and existential quantifications, and products for
conjunctions and universal quantifications. The possibility to express boolean properties in
wMSO was obtained via so-called unambiguous formulae. To improve readability, a more
structured syntax was later used [3, 15, 26], separating a boolean MSO layer with classical
boolean semantics from the higher level of weighted formulas using products (

r
X ,

r
x

corresponding to ’X, ’x) and sums (
q

X ,
q

x corresponding to ÷X, ÷x) with quantitative
semantics. As shown in [12, 13], in general, to retain equivalence with weighted automata,
wMSO has to be restricted. Products

r
X over set variables are disallowed, and first-order

products
r

x must be restricted to finitely valued series where the pre-image of each value
is recognizable. This basically means that first-order products cannot be nested or applied
after first-order or second-order sums

q
x or

q
X . This motivated the equivalent and even

more structured syntax of core-wMSO introduced in [22].
As in Section 3, we consider a set R of weights. The syntax of wFO is obtained from

core-wMSO by removing set variables, set quantifications and set sums. In addition to the
classical boolean first-order logic (FO), it has two weighted layers. Step formulas defined
in (step-wFO) consist of constants and if-then-else applications, where the conditions are
formulated in boolean first-order logic. Finally, wFO builds on this by performing products
of step formulas and then applying if-then-else, finite sums, or existential sums.

Ï ::= € | Pa(x) | x Æ y | ¬Ï | Ï · Ï | ’xÏ (FO)
� ::= r | Ï ? � : � (step-wFO)
� ::= 0 |

r
x� | Ï ? � : � | � + � |

q
x� (wFO)

with a œ �, r œ R and x, y first-order variables.
The semantics of step-wFO formulas is defined inductively. As above, let u œ �+ be a

nonempty word and ‡ : V æ pos(u) = {1, . . . , |u|} be a valuation. For step-wFO formulas
whose free variables are contained in V, we define the V-semantics as

[[r]]V(u, ‡) = r [[Ï ? �1 : �2]]V(u, ‡) =
I

[[�1]]V(u, ‡) if u, ‡ |= Ï

[[�2]]V(u, ‡) otherwise.
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Comme ir. est fermee par produit et litterale [prop. 111.4.11, on a 
y/ovET-. I 

D’apres un theoreme de Schiitzenberger [37] le mono’ide syntactique dun 
langage cX* est aperiodique (i.e., les groupes qu’il contient sont triviaux) si 
et seulement s’il appartient a l’algebre de Boole fermee par produit engendree 
par les lettres et X*. A partir de la, Perrot a montre qu’i la variete des 
mono’ides aperiodiques correspond la plus petite variete de langages non 
triviale fermee par produit [23]. Nous allons caracteriser la plus petite s- 
variett non triviale fermte par produit. Auparavant, nous montrons un 
resultat qui s’apparente a celui de Schiitzenberger. 

PROPOSITION 111.4.4. Soit S E k((X)), rationnelle. Les conditions 
suivantes sent equivalentes: 

(i) Tout quotient simple de 93, est isomorphe d k. 
(ii) Tome representation matricielle de !I& est triangulable. 

(iii) S appartient d la sous-algebre de k{(X)) engendreepar les lettres 
et les series geome’triques. 

Nous avons besoin de quelques lemmes. 

LEMME 111.4.5. Soit 9.JI une algebre. 
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(T) 
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n 7→ (−1)n
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Abstract

By fundamental results of Schützenberger, McNaughton and Papert from the 1970s, the classes
of first-order definable and aperiodic languages coincide. Here, we extend this equivalence to a
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Moreover, we obtain such equivalence results for suitable weighted sublogics and finitely ambiguous or
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1 Introduction

Fundamental results of Schützenberger, McNaughton and Papert established that aperiodic,
star-free and first-order definable languages, respectively, coincide [39, 31]. In this paper, we
develop such an equivalence in a quantitative setting, i.e., for suitable notions of aperiodic
weighted automata and weighted first-order logic.

Already Schützenberger [38] investigated weighted automata and characterized their
behaviors as rational formal power series. Weighted automata can be viewed as classical finite
automata in which the transitions are equipped with weights. These weights could model,
e.g., the cost, reward or probability of executing a transition. The wide flexibility of this
automaton model soon led to a wealth of extensions and applications, cf. [37, 27, 2, 35, 14] for
monographs and surveys. Whereas traditionally weights are taken from a semiring, recently,
motivated by practical examples, also average and discounted computations of weights were
considered, cf. [8, 7].

In the boolean setting, the seminal Büchi-Elgot-Trakhtenbrot theorem [6, 20, 40] estab-
lished the expressive equivalence of finite automata and monadic second-order logic (MSO).
A weighted monadic second-order logic with the same expressive power as weighted automata
was developed in [12, 13]. This led to various extensions to weighted automata and weighted
logics on trees [18], infinite words [17], timed words [33], pictures [21], graphs [10], nested
words [11], and data words [1], but also for more complicated weight structures including
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Now, let AÆk be the minimal automaton for the complement of the language accepted
by AØk+1. Notice that AÆk is deterministic, complete. Moreover, it is aperiodic if A is
aperiodic.

For each 1 Æ ¸ Æ k, define the weighted automaton A¸
Øk = (AØk, wt

¸) where the
weight function corresponds to the ¸th path computed by AØk. More precisely, we set
wt

¸((q, c), a, (qÕ
, c

Õ)) = wt(q¸
, a, q

Õ¸). Finally, let A¸
k = AÆk ◊ A¸

Øk. It is not di�cult to see
that A¸

k has the following properties.
B Claim 7. The automaton A¸

k is unambiguous. A word w œ �+ is in the support of
A¸

k i� it admits exactly k accepting runs fl
1 ª . . . ª fl

k in A. Moreover, in this case,
{|A¸

k|}(w) = {{wt(fl¸}}. Also, if A is aperiodic then so is A¸
k.

Finally, to conclude the proof of Theorem 4, we define for each 1 Æ ¸ Æ K the weighted
automaton B¸ = A¸

¸ ‡ · · · ‡ A¸
K . Since the automata (A¸

k)¸ÆkÆK have pairwise disjoint
supports, we deduce that B¸ is unambiguous. Moreover, using Claim 7 we can easily show
that {|A|} = {|B1 ‡ · · · ‡ BK |}. J

5 Weighted First-Order Logic

In this section, we define the syntax and semantics of our weighted first-order logic. In [12, 13],
weighted MSO used the classical syntax of MSO logic; only the semantics over a semiring
was changed to use sums for disjunction and existential quantifications, and products for
conjunctions and universal quantifications. The possibility to express boolean properties in
wMSO was obtained via so-called unambiguous formulae. To improve readability, a more
structured syntax was later used [3, 15, 26], separating a boolean MSO layer with classical
boolean semantics from the higher level of weighted formulas using products (

r
X ,

r
x

corresponding to ’X, ’x) and sums (
q

X ,
q

x corresponding to ÷X, ÷x) with quantitative
semantics. As shown in [12, 13], in general, to retain equivalence with weighted automata,
wMSO has to be restricted. Products

r
X over set variables are disallowed, and first-order

products
r

x must be restricted to finitely valued series where the pre-image of each value
is recognizable. This basically means that first-order products cannot be nested or applied
after first-order or second-order sums

q
x or

q
X . This motivated the equivalent and even

more structured syntax of core-wMSO introduced in [22].
As in Section 3, we consider a set R of weights. The syntax of wFO is obtained from

core-wMSO by removing set variables, set quantifications and set sums. In addition to the
classical boolean first-order logic (FO), it has two weighted layers. Step formulas defined
in (step-wFO) consist of constants and if-then-else applications, where the conditions are
formulated in boolean first-order logic. Finally, wFO builds on this by performing products
of step formulas and then applying if-then-else, finite sums, or existential sums.

Ï ::= € | Pa(x) | x Æ y | ¬Ï | Ï · Ï | ’xÏ (FO)
� ::= r | Ï ? � : � (step-wFO)
� ::= 0 |

r
x� | Ï ? � : � | � + � |

q
x� (wFO)

with a œ �, r œ R and x, y first-order variables.
The semantics of step-wFO formulas is defined inductively. As above, let u œ �+ be a

nonempty word and ‡ : V æ pos(u) = {1, . . . , |u|} be a valuation. For step-wFO formulas
whose free variables are contained in V, we define the V-semantics as

[[r]]V(u, ‡) = r [[Ï ? �1 : �2]]V(u, ‡) =
I

[[�1]]V(u, ‡) if u, ‡ |= Ï

[[�2]]V(u, ‡) otherwise.

∏
x(−1) ≡ n 7→ (−1)n
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Aperiodic Functions
Σ∗ → Γ∗
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Aperiodic Functions
Σ∗ → Γ∗

Mealy = (Flip-Flop ◦
Group)∗

Seq ' Hom ◦Mealy

Rat ' Hom ◦
MealyR ◦Mealy

Reg ' MapR +
Map+ Rat

Poly ' Square+ Reg
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Aperiodic Functions
Σ∗ → Γ∗

Mealy = (Flip-Flop ◦
Group)∗

Seq ' Hom ◦Mealy

Rat ' Hom ◦
MealyR ◦Mealy

Reg ' MapR +
Map+ Rat

Poly ' Square+ Reg

Aperiodicity is orthogonal to computing power

X ∩ AY = Amin(X,Y)
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Finite Counting Automata 

~i. P. SCHI)TZENBERGER* 

Harvard Medical School, Boston, Massachusetts 

I. INTRODUCTION 

The purpose of this note is to define a family (~, of sets of words that 
is, in some sense, the simplest natural generalization of the family ~0' of 
Kleene's (19.56) regular events (cf, also, Bar-Hillel and Shamir (1960) 
and Shepherdson (1959) and below for an abstract definition). However, 
even if this point of view constitutes the main motivation and if it 
suggests the terminology, our treatment of the question will be entirely 
algebraic. In fact this paper can be considered as an attempt towards a 
classification of the (infinite) monoids of finite dimensional rational 
matrices which are the semidirect sum of finite monoids. A discussion 
of these points is to be found in Schiitzenberger (1962). 

The set of F of the so-called input words ( tha t  is, the free rnonoid F 
generated by  the finite set X = {x~} ) is assumed to be fixed. We recall 
tha t  according to Bar-Hillel and Shamir (1960) a regular event F' is a 
subset F '  of F such tha t  ~-lq~F' = F '  for some holnomorphism q~ of F 
into a finite monoid and our construction hinges upon the algori thm 
described in the following definition. 

DEFINITIO:N. A finite counting aulomation ~ of order q is the integral 
valued function of F tha t  is given by: 

(i) A finite set of (qj + l ) - tuples  (~j) = (F~-.~ F '  F '  , ~ , 2 ,  ' ' '  , ; , q , + i )  o f  

regular e v e n t s F '  (1 < j < M ; q ~ , q 2 ,  q~ < q) 
(it) A polynomial  t~ (with integral coefficients) in the variates  

0/1 ~ O~2 ~ " " " ~ OLM . 

For  each word f of F, ~f = fl(alf, a2f, . . .  , aMf) where for each j ,  aft  
denotes the number  of faetorizations f = f l f 2 " " f q ~ + l  of f into q, + 1  

F t  , ,  , . words such thatf~ ~ ~1,f2 E F j ~ ,  • ,fq~+~ + I  

(*) This work was done in part at the Department of Statistics of the Uni- 
versity of North Carolina, under Contract AF 49 (638)-213 of the United States 
Air Force, and supported in part by a grant from the Commonwealth Fund. 
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Abstract—While monadic second-order logic is a promi-

nent logic for specifying languages of finite words, it

lacks the power to compute quantitative properties, e.g.

to count. An automata model capable of computing such

properties are weighted automata, but logics equivalent to

these automata have only recently emerged.

We propose a new framework for adding quantitative

properties to logics specifying Boolean properties of words.

We use this to define Quantitative Monadic Second-Order

Logic (QMSO). In this way we obtain a simple logic which

is equally expressive to weighted automata. We analyse its

evaluation complexity, both data and combined complexity,

and show completeness results for combined complexity.

We further refine the analysis of this logic and obtain

fragments that characterise exactly subclasses of weighted

automata defined by the level of ambiguity allowed in the

automata. In this way, we define a quantitative logic which

has good decidability properties while being resonably

expressive and enjoying a simple syntactical definition.

I. INTRODUCTION

Using logics as specification languages for properties
of finite and infinite words or trees has a long history
in computer science. Of particular importance in this
context is Monadic Second-Order Logic (MSO), the
extension of first-order logic by quantification over sets
of positions in the input word (see e.g. [23], [10]).
The prominence of MSO as logic over words has many
causes: It is a very expressive and yet simple logic in
which many properties can be expressed very naturally.
In fact, Büchi’s classical theorem [6] states that a lan-
guage is recognisable by a finite state automaton if, and
only if, it is definable in MSO. Hence, MSO can define
precisely the regular languages and provides an elegant
specification mechanism for regular properties. Further-
more, the proof of the theorem is algorithmic which
implies that MSO formulas can effectively be compiled
into finite automata which can then be run in linear
time on any input word. Finally, MSO has very good
decidability properties and standard problems such as
satisfiability and therefore equivalence and containment
of formulas are decidable over finite words.

While MSO is an elegant and highly successful mech-
anism for specifying word languages, there are many ap-

plications where we are not only interested in accepting
or rejecting a word but in computing quantitative prop-
erties of words. Consider, for instance, an application
where a server provides a number of different services
which can be requested by clients. Let � be the set of
services provided. A word over � is then a sequence
of client requests. In this context, different services
may incur different costs and we may be interested in
computing the total cost of a word w ∈ �∗. Quantitative
properties of this form cannot be expressed in MSO or
by finite state automata.

Several authors have studied automata models that
allow to compute quantitative properties of words or
trees. An automata model that is capable of comput-
ing such properties is the model of weighted automata
(WA), essentially going back to Schützenberger [21].
Weighted automata are an extension of classical finite
state automata by weights. The main idea is that every
transition of the automaton is mapped to an element
of a fixed semiring such as the semiring of natural
numbers. A run of the automaton on a word is then
mapped to the product of its transitions and the value
of an automaton on a word is the sum over all runs.
By choosing a suitable semiring this allows to compute,
for example, the minimal costs of a run over a word or
similar quantitative properties of word languages as in
the example above.

Weighted automata have found numerous applications
in computer science such as in text and speech process-
ing, model-checking, image processing and many other
areas (see e.g. [12]). However, a logic corresponding to
weighted automata in the same way as MSO corresponds
to finite state automata has only recently been defined
by Droste and Gastin [11] with the introduction of
weighted monadic second-order logic. In full generality,
this logic is more expressive than weighted automata
and, therefore, they define a restricted version of it
by disallowing universal second-order quantification and
restricting universal first-order quantification to formulas
which define “recognisable step functions”, a semantic
property of formal power series.
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computing the total cost of a word w ∈ �∗. Quantitative
properties of this form cannot be expressed in MSO or
by finite state automata.

Several authors have studied automata models that
allow to compute quantitative properties of words or
trees. An automata model that is capable of comput-
ing such properties is the model of weighted automata
(WA), essentially going back to Schützenberger [21].
Weighted automata are an extension of classical finite
state automata by weights. The main idea is that every
transition of the automaton is mapped to an element
of a fixed semiring such as the semiring of natural
numbers. A run of the automaton on a word is then
mapped to the product of its transitions and the value
of an automaton on a word is the sum over all runs.
By choosing a suitable semiring this allows to compute,
for example, the minimal costs of a run over a word or
similar quantitative properties of word languages as in
the example above.

Weighted automata have found numerous applications
in computer science such as in text and speech process-
ing, model-checking, image processing and many other
areas (see e.g. [12]). However, a logic corresponding to
weighted automata in the same way as MSO corresponds
to finite state automata has only recently been defined
by Droste and Gastin [11] with the introduction of
weighted monadic second-order logic. In full generality,
this logic is more expressive than weighted automata
and, therefore, they define a restricted version of it
by disallowing universal second-order quantification and
restricting universal first-order quantification to formulas
which define “recognisable step functions”, a semantic
property of formal power series.
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Abstract—This paper studies a robust class of functions from
finite words to integers that we call Z-polyregular functions. We
show that it admits natural characterizations in terms of logics,
Z-rational expressions, Z-rational series and transducers.

We then study two subclass membership problems. First, we
show that the asymptotic growth rate of a function is computable,
and corresponds to the minimal number of variables required to
represent it using logical formulas. Second, we show that first-
order definability of Z-polyregular functions is decidable. To show
the latter, we introduce an original notion of residual transducer,
and provide a semantic characterization based on aperiodicity.

I. INTRODUCTION

Deterministic finite state automata define the well-known
and robust class of regular languages. This class is captured by
different formalisms such as expressions (regular expressions
[1]), logic (Monadic Second Order (MSO) logic [2]), and
algebra (finite monoids [3]). It contains a robust subclass of
independent interest: star-free regular languages, which admits
equivalent descriptions in terms of machines (counter-free
automata [4]), expressions (star-free expressions [5]), logic
(first-order (FO) logic [6]) and algebra (aperiodic monoids [5]).
Furthermore, one can decide if a regular language is star-free,
and the proof relies on the existence (and computability) of
a canonical object associated to each language (its minimal
automaton [4] or, equivalently, its syntactic monoid [5]).

Numerous works have attempted to carry the notion of
regularity from languages to word-to-word functions. This
work led to a plethora of non-equivalent classes (such as
sequential, rational, regular and polyregular functions [7]).
Decision problems, including first-order definability, become
more difficult and more interesting for functions [8], mainly
due to the lack of canonical objects similar to the minimal
automata of regular languages. It was shown recently that
first-order definability is decidable for the class of rational
functions [9] and that a canonical object can be built [10].

This paper is a brochure for a natural class of functions
from finite words to integers, which we name Z-polyregular

functions. Its definition stems from the logical description of
regular languages. Given an MSO formula ϕ("x) with free first-
order variables "x, and a word w ∈ A∗, we define #ϕ(w)
to be the number of valuations ν such that w, ν |= ϕ("x).
The indicator functions of regular languages are exactly the
functions #ϕ where ϕ is a sentence (i.e. it does not have free
variables, hence has at most one valuation: the empty one). We
define the class of Z-polyregular functions, denoted ZPoly, as
the class of Z-linear combinations of functions #ϕ where ϕ
is in MSO with first-order free variables.

The goal of this paper is to advocate for the robustness
of ZPoly. To that end, we shall provide numerous charac-
terizations of these functions and relate them to pre-existing
models. We also solve several membership problems and
provide effective conversion algorithms. This equips ZPoly
with a smooth and elegant theory, which subsumes that of
regular languages.

Contributions: We introduce the class ZPoly as a natural
generalization of regular languages via simple counting of
MSO valuations. This definition can be seen as a restricted
version of the Quantitative MSO introduced in [11]. It also
coincides with the linear finite counting automata of [12].
We first connect Z-polyregular functions to word-to-word
polyregular functions [7], providing a justification for their
name. As a class of functions from finite words to integers, it
is then natural to compare ZPoly with the well-studied class
of Z-rational series (see e.g. [13]). We observe that ZPoly is
exactly the subclass of Z-rational series that have polynomial
growth, i.e. the functions such that |f(w)| = O(|w|k) for some
k ≥ 0, by making effective the results of Schützenberger [12].
As a consequence, we provide a simple syntax of Z-rational
expressions to describe ZPoly as those built without the Kleene
star. We also show how ZPoly can be described using natural
restrictions on the eigenvalues of representations of Z-rational
series. This property is built upon a quantitative pumping
lemma characterizing the ultimate behavior of Z-polyregular
functions as “ultimately N -polynomial” for some N ≥ 0. We
summarize these results in the second column of Table I.

We then refine the description of ZPoly by considering for
all k ≥ 0, the class ZPolyk of functions described using at
most k free variables in the counting MSO formulas. It is
easy to check that if f ∈ ZPolyk then |f(w)| = O(|w|k).
Our first main theorem shows that this property is a sufficient
and necessary condition for a function of ZPoly to be in
ZPolyk (see Figure 1). This result is an analogue of the various
“pebble minimization theorems” that were shown for word-
to-word polyregular functions [14], [15], [16], [17]. We also
prove that the membership problem of ZPolyk inside ZPoly
is decidable.

Our second main contribution is the definition of an almost
canonical object associated to each function of ZPoly. We
name this object the residual transducer of the function, and
show that it can effectively be built. Its construction is inspired
by the residual automaton of a regular language, and heavily
relies on the decision procedure from ZPoly to ZPolyk.

Finally, we define the class ZSF of star-free Z-polyregular
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I. INTRODUCTION 

The purpose of this note is to define a family (~, of sets of words that 
is, in some sense, the simplest natural generalization of the family ~0' of 
Kleene's (19.56) regular events (cf, also, Bar-Hillel and Shamir (1960) 
and Shepherdson (1959) and below for an abstract definition). However, 
even if this point of view constitutes the main motivation and if it 
suggests the terminology, our treatment of the question will be entirely 
algebraic. In fact this paper can be considered as an attempt towards a 
classification of the (infinite) monoids of finite dimensional rational 
matrices which are the semidirect sum of finite monoids. A discussion 
of these points is to be found in Schiitzenberger (1962). 

The set of F of the so-called input words ( tha t  is, the free rnonoid F 
generated by  the finite set X = {x~} ) is assumed to be fixed. We recall 
tha t  according to Bar-Hillel and Shamir (1960) a regular event F' is a 
subset F '  of F such tha t  ~-lq~F' = F '  for some holnomorphism q~ of F 
into a finite monoid and our construction hinges upon the algori thm 
described in the following definition. 

DEFINITIO:N. A finite counting aulomation ~ of order q is the integral 
valued function of F tha t  is given by: 

(i) A finite set of (qj + l ) - tuples  (~j) = (F~-.~ F '  F '  , ~ , 2 ,  ' ' '  , ; , q , + i )  o f  

regular e v e n t s F '  (1 < j < M ; q ~ , q 2 ,  q~ < q) 
(it) A polynomial  t~ (with integral coefficients) in the variates  

0/1 ~ O~2 ~ " " " ~ OLM . 

For  each word f of F, ~f = fl(alf, a2f, . . .  , aMf) where for each j ,  aft  
denotes the number  of faetorizations f = f l f 2 " " f q ~ + l  of f into q, + 1  

F t  , ,  , . words such thatf~ ~ ~1,f2 E F j ~ ,  • ,fq~+~ + I  

(*) This work was done in part at the Department of Statistics of the Uni- 
versity of North Carolina, under Contract AF 49 (638)-213 of the United States 
Air Force, and supported in part by a grant from the Commonwealth Fund. 
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Abstract—While monadic second-order logic is a promi-

nent logic for specifying languages of finite words, it

lacks the power to compute quantitative properties, e.g.

to count. An automata model capable of computing such

properties are weighted automata, but logics equivalent to

these automata have only recently emerged.

We propose a new framework for adding quantitative

properties to logics specifying Boolean properties of words.

We use this to define Quantitative Monadic Second-Order

Logic (QMSO). In this way we obtain a simple logic which

is equally expressive to weighted automata. We analyse its

evaluation complexity, both data and combined complexity,

and show completeness results for combined complexity.

We further refine the analysis of this logic and obtain

fragments that characterise exactly subclasses of weighted

automata defined by the level of ambiguity allowed in the

automata. In this way, we define a quantitative logic which

has good decidability properties while being resonably

expressive and enjoying a simple syntactical definition.

I. INTRODUCTION

Using logics as specification languages for properties
of finite and infinite words or trees has a long history
in computer science. Of particular importance in this
context is Monadic Second-Order Logic (MSO), the
extension of first-order logic by quantification over sets
of positions in the input word (see e.g. [23], [10]).
The prominence of MSO as logic over words has many
causes: It is a very expressive and yet simple logic in
which many properties can be expressed very naturally.
In fact, Büchi’s classical theorem [6] states that a lan-
guage is recognisable by a finite state automaton if, and
only if, it is definable in MSO. Hence, MSO can define
precisely the regular languages and provides an elegant
specification mechanism for regular properties. Further-
more, the proof of the theorem is algorithmic which
implies that MSO formulas can effectively be compiled
into finite automata which can then be run in linear
time on any input word. Finally, MSO has very good
decidability properties and standard problems such as
satisfiability and therefore equivalence and containment
of formulas are decidable over finite words.

While MSO is an elegant and highly successful mech-
anism for specifying word languages, there are many ap-

plications where we are not only interested in accepting
or rejecting a word but in computing quantitative prop-
erties of words. Consider, for instance, an application
where a server provides a number of different services
which can be requested by clients. Let � be the set of
services provided. A word over � is then a sequence
of client requests. In this context, different services
may incur different costs and we may be interested in
computing the total cost of a word w ∈ �∗. Quantitative
properties of this form cannot be expressed in MSO or
by finite state automata.

Several authors have studied automata models that
allow to compute quantitative properties of words or
trees. An automata model that is capable of comput-
ing such properties is the model of weighted automata
(WA), essentially going back to Schützenberger [21].
Weighted automata are an extension of classical finite
state automata by weights. The main idea is that every
transition of the automaton is mapped to an element
of a fixed semiring such as the semiring of natural
numbers. A run of the automaton on a word is then
mapped to the product of its transitions and the value
of an automaton on a word is the sum over all runs.
By choosing a suitable semiring this allows to compute,
for example, the minimal costs of a run over a word or
similar quantitative properties of word languages as in
the example above.

Weighted automata have found numerous applications
in computer science such as in text and speech process-
ing, model-checking, image processing and many other
areas (see e.g. [12]). However, a logic corresponding to
weighted automata in the same way as MSO corresponds
to finite state automata has only recently been defined
by Droste and Gastin [11] with the introduction of
weighted monadic second-order logic. In full generality,
this logic is more expressive than weighted automata
and, therefore, they define a restricted version of it
by disallowing universal second-order quantification and
restricting universal first-order quantification to formulas
which define “recognisable step functions”, a semantic
property of formal power series.
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Abstract—This paper studies a robust class of functions from
finite words to integers that we call Z-polyregular functions. We
show that it admits natural characterizations in terms of logics,
Z-rational expressions, Z-rational series and transducers.

We then study two subclass membership problems. First, we
show that the asymptotic growth rate of a function is computable,
and corresponds to the minimal number of variables required to
represent it using logical formulas. Second, we show that first-
order definability of Z-polyregular functions is decidable. To show
the latter, we introduce an original notion of residual transducer,
and provide a semantic characterization based on aperiodicity.

I. INTRODUCTION

Deterministic finite state automata define the well-known
and robust class of regular languages. This class is captured by
different formalisms such as expressions (regular expressions
[1]), logic (Monadic Second Order (MSO) logic [2]), and
algebra (finite monoids [3]). It contains a robust subclass of
independent interest: star-free regular languages, which admits
equivalent descriptions in terms of machines (counter-free
automata [4]), expressions (star-free expressions [5]), logic
(first-order (FO) logic [6]) and algebra (aperiodic monoids [5]).
Furthermore, one can decide if a regular language is star-free,
and the proof relies on the existence (and computability) of
a canonical object associated to each language (its minimal
automaton [4] or, equivalently, its syntactic monoid [5]).

Numerous works have attempted to carry the notion of
regularity from languages to word-to-word functions. This
work led to a plethora of non-equivalent classes (such as
sequential, rational, regular and polyregular functions [7]).
Decision problems, including first-order definability, become
more difficult and more interesting for functions [8], mainly
due to the lack of canonical objects similar to the minimal
automata of regular languages. It was shown recently that
first-order definability is decidable for the class of rational
functions [9] and that a canonical object can be built [10].

This paper is a brochure for a natural class of functions
from finite words to integers, which we name Z-polyregular

functions. Its definition stems from the logical description of
regular languages. Given an MSO formula ϕ("x) with free first-
order variables "x, and a word w ∈ A∗, we define #ϕ(w)
to be the number of valuations ν such that w, ν |= ϕ("x).
The indicator functions of regular languages are exactly the
functions #ϕ where ϕ is a sentence (i.e. it does not have free
variables, hence has at most one valuation: the empty one). We
define the class of Z-polyregular functions, denoted ZPoly, as
the class of Z-linear combinations of functions #ϕ where ϕ
is in MSO with first-order free variables.

The goal of this paper is to advocate for the robustness
of ZPoly. To that end, we shall provide numerous charac-
terizations of these functions and relate them to pre-existing
models. We also solve several membership problems and
provide effective conversion algorithms. This equips ZPoly
with a smooth and elegant theory, which subsumes that of
regular languages.

Contributions: We introduce the class ZPoly as a natural
generalization of regular languages via simple counting of
MSO valuations. This definition can be seen as a restricted
version of the Quantitative MSO introduced in [11]. It also
coincides with the linear finite counting automata of [12].
We first connect Z-polyregular functions to word-to-word
polyregular functions [7], providing a justification for their
name. As a class of functions from finite words to integers, it
is then natural to compare ZPoly with the well-studied class
of Z-rational series (see e.g. [13]). We observe that ZPoly is
exactly the subclass of Z-rational series that have polynomial
growth, i.e. the functions such that |f(w)| = O(|w|k) for some
k ≥ 0, by making effective the results of Schützenberger [12].
As a consequence, we provide a simple syntax of Z-rational
expressions to describe ZPoly as those built without the Kleene
star. We also show how ZPoly can be described using natural
restrictions on the eigenvalues of representations of Z-rational
series. This property is built upon a quantitative pumping
lemma characterizing the ultimate behavior of Z-polyregular
functions as “ultimately N -polynomial” for some N ≥ 0. We
summarize these results in the second column of Table I.

We then refine the description of ZPoly by considering for
all k ≥ 0, the class ZPolyk of functions described using at
most k free variables in the counting MSO formulas. It is
easy to check that if f ∈ ZPolyk then |f(w)| = O(|w|k).
Our first main theorem shows that this property is a sufficient
and necessary condition for a function of ZPoly to be in
ZPolyk (see Figure 1). This result is an analogue of the various
“pebble minimization theorems” that were shown for word-
to-word polyregular functions [14], [15], [16], [17]. We also
prove that the membership problem of ZPolyk inside ZPoly
is decidable.

Our second main contribution is the definition of an almost
canonical object associated to each function of ZPoly. We
name this object the residual transducer of the function, and
show that it can effectively be built. Its construction is inspired
by the residual automaton of a regular language, and heavily
relies on the decision procedure from ZPoly to ZPolyk.

Finally, we define the class ZSF of star-free Z-polyregular

SELECT COUNT(*) FROM WHERE.
f(w) = |{α | w,α |= φ}|
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I. INTRODUCTION 

The purpose of this note is to define a family (~, of sets of words that 
is, in some sense, the simplest natural generalization of the family ~0' of 
Kleene's (19.56) regular events (cf, also, Bar-Hillel and Shamir (1960) 
and Shepherdson (1959) and below for an abstract definition). However, 
even if this point of view constitutes the main motivation and if it 
suggests the terminology, our treatment of the question will be entirely 
algebraic. In fact this paper can be considered as an attempt towards a 
classification of the (infinite) monoids of finite dimensional rational 
matrices which are the semidirect sum of finite monoids. A discussion 
of these points is to be found in Schiitzenberger (1962). 

The set of F of the so-called input words ( tha t  is, the free rnonoid F 
generated by  the finite set X = {x~} ) is assumed to be fixed. We recall 
tha t  according to Bar-Hillel and Shamir (1960) a regular event F' is a 
subset F '  of F such tha t  ~-lq~F' = F '  for some holnomorphism q~ of F 
into a finite monoid and our construction hinges upon the algori thm 
described in the following definition. 

DEFINITIO:N. A finite counting aulomation ~ of order q is the integral 
valued function of F tha t  is given by: 

(i) A finite set of (qj + l ) - tuples  (~j) = (F~-.~ F '  F '  , ~ , 2 ,  ' ' '  , ; , q , + i )  o f  

regular e v e n t s F '  (1 < j < M ; q ~ , q 2 ,  q~ < q) 
(it) A polynomial  t~ (with integral coefficients) in the variates  

0/1 ~ O~2 ~ " " " ~ OLM . 

For  each word f of F, ~f = fl(alf, a2f, . . .  , aMf) where for each j ,  aft  
denotes the number  of faetorizations f = f l f 2 " " f q ~ + l  of f into q, + 1  

F t  , ,  , . words such thatf~ ~ ~1,f2 E F j ~ ,  • ,fq~+~ + I  
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Abstract—While monadic second-order logic is a promi-

nent logic for specifying languages of finite words, it

lacks the power to compute quantitative properties, e.g.

to count. An automata model capable of computing such

properties are weighted automata, but logics equivalent to

these automata have only recently emerged.

We propose a new framework for adding quantitative

properties to logics specifying Boolean properties of words.

We use this to define Quantitative Monadic Second-Order

Logic (QMSO). In this way we obtain a simple logic which

is equally expressive to weighted automata. We analyse its

evaluation complexity, both data and combined complexity,

and show completeness results for combined complexity.

We further refine the analysis of this logic and obtain

fragments that characterise exactly subclasses of weighted

automata defined by the level of ambiguity allowed in the

automata. In this way, we define a quantitative logic which

has good decidability properties while being resonably

expressive and enjoying a simple syntactical definition.

I. INTRODUCTION

Using logics as specification languages for properties
of finite and infinite words or trees has a long history
in computer science. Of particular importance in this
context is Monadic Second-Order Logic (MSO), the
extension of first-order logic by quantification over sets
of positions in the input word (see e.g. [23], [10]).
The prominence of MSO as logic over words has many
causes: It is a very expressive and yet simple logic in
which many properties can be expressed very naturally.
In fact, Büchi’s classical theorem [6] states that a lan-
guage is recognisable by a finite state automaton if, and
only if, it is definable in MSO. Hence, MSO can define
precisely the regular languages and provides an elegant
specification mechanism for regular properties. Further-
more, the proof of the theorem is algorithmic which
implies that MSO formulas can effectively be compiled
into finite automata which can then be run in linear
time on any input word. Finally, MSO has very good
decidability properties and standard problems such as
satisfiability and therefore equivalence and containment
of formulas are decidable over finite words.

While MSO is an elegant and highly successful mech-
anism for specifying word languages, there are many ap-

plications where we are not only interested in accepting
or rejecting a word but in computing quantitative prop-
erties of words. Consider, for instance, an application
where a server provides a number of different services
which can be requested by clients. Let � be the set of
services provided. A word over � is then a sequence
of client requests. In this context, different services
may incur different costs and we may be interested in
computing the total cost of a word w ∈ �∗. Quantitative
properties of this form cannot be expressed in MSO or
by finite state automata.

Several authors have studied automata models that
allow to compute quantitative properties of words or
trees. An automata model that is capable of comput-
ing such properties is the model of weighted automata
(WA), essentially going back to Schützenberger [21].
Weighted automata are an extension of classical finite
state automata by weights. The main idea is that every
transition of the automaton is mapped to an element
of a fixed semiring such as the semiring of natural
numbers. A run of the automaton on a word is then
mapped to the product of its transitions and the value
of an automaton on a word is the sum over all runs.
By choosing a suitable semiring this allows to compute,
for example, the minimal costs of a run over a word or
similar quantitative properties of word languages as in
the example above.

Weighted automata have found numerous applications
in computer science such as in text and speech process-
ing, model-checking, image processing and many other
areas (see e.g. [12]). However, a logic corresponding to
weighted automata in the same way as MSO corresponds
to finite state automata has only recently been defined
by Droste and Gastin [11] with the introduction of
weighted monadic second-order logic. In full generality,
this logic is more expressive than weighted automata
and, therefore, they define a restricted version of it
by disallowing universal second-order quantification and
restricting universal first-order quantification to formulas
which define “recognisable step functions”, a semantic
property of formal power series.
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Abstract—This paper studies a robust class of functions from
finite words to integers that we call Z-polyregular functions. We
show that it admits natural characterizations in terms of logics,
Z-rational expressions, Z-rational series and transducers.

We then study two subclass membership problems. First, we
show that the asymptotic growth rate of a function is computable,
and corresponds to the minimal number of variables required to
represent it using logical formulas. Second, we show that first-
order definability of Z-polyregular functions is decidable. To show
the latter, we introduce an original notion of residual transducer,
and provide a semantic characterization based on aperiodicity.

I. INTRODUCTION

Deterministic finite state automata define the well-known
and robust class of regular languages. This class is captured by
different formalisms such as expressions (regular expressions
[1]), logic (Monadic Second Order (MSO) logic [2]), and
algebra (finite monoids [3]). It contains a robust subclass of
independent interest: star-free regular languages, which admits
equivalent descriptions in terms of machines (counter-free
automata [4]), expressions (star-free expressions [5]), logic
(first-order (FO) logic [6]) and algebra (aperiodic monoids [5]).
Furthermore, one can decide if a regular language is star-free,
and the proof relies on the existence (and computability) of
a canonical object associated to each language (its minimal
automaton [4] or, equivalently, its syntactic monoid [5]).

Numerous works have attempted to carry the notion of
regularity from languages to word-to-word functions. This
work led to a plethora of non-equivalent classes (such as
sequential, rational, regular and polyregular functions [7]).
Decision problems, including first-order definability, become
more difficult and more interesting for functions [8], mainly
due to the lack of canonical objects similar to the minimal
automata of regular languages. It was shown recently that
first-order definability is decidable for the class of rational
functions [9] and that a canonical object can be built [10].

This paper is a brochure for a natural class of functions
from finite words to integers, which we name Z-polyregular

functions. Its definition stems from the logical description of
regular languages. Given an MSO formula ϕ("x) with free first-
order variables "x, and a word w ∈ A∗, we define #ϕ(w)
to be the number of valuations ν such that w, ν |= ϕ("x).
The indicator functions of regular languages are exactly the
functions #ϕ where ϕ is a sentence (i.e. it does not have free
variables, hence has at most one valuation: the empty one). We
define the class of Z-polyregular functions, denoted ZPoly, as
the class of Z-linear combinations of functions #ϕ where ϕ
is in MSO with first-order free variables.

The goal of this paper is to advocate for the robustness
of ZPoly. To that end, we shall provide numerous charac-
terizations of these functions and relate them to pre-existing
models. We also solve several membership problems and
provide effective conversion algorithms. This equips ZPoly
with a smooth and elegant theory, which subsumes that of
regular languages.

Contributions: We introduce the class ZPoly as a natural
generalization of regular languages via simple counting of
MSO valuations. This definition can be seen as a restricted
version of the Quantitative MSO introduced in [11]. It also
coincides with the linear finite counting automata of [12].
We first connect Z-polyregular functions to word-to-word
polyregular functions [7], providing a justification for their
name. As a class of functions from finite words to integers, it
is then natural to compare ZPoly with the well-studied class
of Z-rational series (see e.g. [13]). We observe that ZPoly is
exactly the subclass of Z-rational series that have polynomial
growth, i.e. the functions such that |f(w)| = O(|w|k) for some
k ≥ 0, by making effective the results of Schützenberger [12].
As a consequence, we provide a simple syntax of Z-rational
expressions to describe ZPoly as those built without the Kleene
star. We also show how ZPoly can be described using natural
restrictions on the eigenvalues of representations of Z-rational
series. This property is built upon a quantitative pumping
lemma characterizing the ultimate behavior of Z-polyregular
functions as “ultimately N -polynomial” for some N ≥ 0. We
summarize these results in the second column of Table I.

We then refine the description of ZPoly by considering for
all k ≥ 0, the class ZPolyk of functions described using at
most k free variables in the counting MSO formulas. It is
easy to check that if f ∈ ZPolyk then |f(w)| = O(|w|k).
Our first main theorem shows that this property is a sufficient
and necessary condition for a function of ZPoly to be in
ZPolyk (see Figure 1). This result is an analogue of the various
“pebble minimization theorems” that were shown for word-
to-word polyregular functions [14], [15], [16], [17]. We also
prove that the membership problem of ZPolyk inside ZPoly
is decidable.

Our second main contribution is the definition of an almost
canonical object associated to each function of ZPoly. We
name this object the residual transducer of the function, and
show that it can effectively be built. Its construction is inspired
by the residual automaton of a regular language, and heavily
relies on the decision procedure from ZPoly to ZPolyk.

Finally, we define the class ZSF of star-free Z-polyregular

Formalism Characterization of ZPoly Characterization of ZSF

Counting formulas Counting valuations in MSO (Definition II.5) Counting valuations in FO (Definition V.1)

Polyregular functions sum ◦ polyregular (Proposition II.13) sum ◦ star-free polyregular (Proposition V.17)

Z-rational expressions Closure of rational languages under Cauchy prod-
ucts, sums, and Z-products (Theorem II.20)

Closure of star-free languages under Cauchy prod-
ucts, sums, and Z-products (Theorem V.4)

Ultimately N -polynomial (Theorem II.31) Ultimately 1-polynomial (Theorem V.13)

Z-rational series that are/have Polynomial growth (Theorem II.31) n/a

Eigenvalues in {0} ∪ U (Theorem II.31) Eigenvalues in {0, 1} (Theorem V.18)

Residual transducer Residual transducer (Corollary IV.19) Counter-free residual transducer (Theorem V.13)

TABLE I: Summary of the characterizations of ZPoly and ZSF expressed in different formalisms.

functions, as the class of linear combinations of #ϕ where ϕ
is a first-order formula with free first-order variables. As in the
case of ZPoly, observe that the indicator functions of star-free
languages are exactly the #ϕ where ϕ is a first-order sentence.
Our third main contribution then applies the construction of
the residual transducer to show that the membership problem
from ZPoly to ZSF is decidable. Incidentally, we introduce for
k ≥ 0 the class ZSFk (defined in a similar way as ZPolyk)
and show that ZSFk = ZSF∩ZPolyk, as depicted in Figure 1.
Furthermore, we show that the numerous characterizations of
ZPoly in terms of existing models can naturally be specialized
to build characterizations of ZSF, as depicted in the third
column of Table I.

Overall, our contribution is the description of a natural the-
ory of functions from finite words to Z, that is the consequence
of a reasonable computational power (polynomial growth, i.e.
less than Z-rational series) and the ability to correct errors
during a computation (using negative numbers). Furthermore,
the theory of Z-polyregular functions is built using new and
non-trivial proof techniques.

Outline: Section II is devoted to the introduction of the
classes ZPoly and ZPolyk. We also compare ZPoly with
polyregular functions and with Z-rational series. We then
devote Section III to a free variable minimization theorem
(Theorem III.3), which is a key result towards the effective
computation of a canonical residual transducer in Section IV.
We then introduce ZSF and ZSFk in Section V, and use the
residual transducer to prove the decidability of ZSF inside
ZPoly (Theorem V.8). We conclude by connecting ZSF to
polyregular functions and Z-rational series. All of the afore-
mentioned results include algorithms to decide membership
and provide effective conversions between the various repre-
sentations.

II. Z-POLYREGULAR FUNCTIONS

The goal of this section is to define Z-polyregular func-
tions. We first define this class of functions using a logical
formalism (monadic second-order formulas with free variables,
Section II-A), then we relate it to (word-to-word) regular and
polyregular functions (Section II-B) and finally we show that
it corresponds to a natural and robust subclass of the well-
known Z-rational series (Sections II-C and II-D).

In the rest of this paper, Z (resp. N) denotes the set of
integers (resp. nonnegative integers). If i ≤ j, the set [i:j] is
{i, i+1, . . . , j} ⊆ N (empty if j < i). The capital letter A
denotes a fixed alphabet, i.e. a finite set of letters. A∗ (resp.
A+) is the set of words (resp. non-empty words) over A. The
empty word is ε ∈ A∗. If w ∈ A∗, let |w| ∈ N be its length,
and for 1 ≤ i ≤ |w| let w[i] be its i-th letter. If I = {i1 <
· · · < i!} ⊆ [1:|w|], let w[I] := w[i1] · · ·w[i!]. If a ∈ A, let
|w|a be the number of letters a occurring in w. We assume
that the reader is familiar with the basics of automata theory,
in particular the notions of monoid morphisms, idempotents
in monoids, monadic second-order (MSO) logic and first-order
(FO) logic over finite words (see e.g. [18]).

A. Counting valuations on finite words

Let MSOk be the set of MSO-formulas over the signature
(A,<) which have exactly k free first-order variables. We
then let MSO :=

⋃

k∈N MSOk. If ϕ(x1, . . . , xk) ∈ MSOk,
w ∈ A∗ and 1 ≤ i1, . . . , ik ≤ |w|, we write w |= ϕ(i1, . . . , ik)
whenever the valuation x1 &→ i1, . . . , xk &→ ik makes the
formula ϕ true in the model w.

Definition II.1 (Counting). Given ϕ(x1, . . . , xk) ∈ MSOk,
we let #ϕ : A∗ → N be the function defined by #ϕ(w) :=
|{(i1, . . . , ik) : w |= ϕ(i1, . . . , ik)}|.

The value #ϕ(w) is the number of tuples that make the
formula ϕ true in the model w.

Example II.2. If ϕ ∈ MSO0, then #ϕ is the indicator function
of the (regular) language {w : w |= ϕ} ⊆ A∗.

Example II.3. Let A := {a, b}. Let ϕ(x, y) := a(x) ∧ b(y),
then #ϕ(w) = |w|a × |w|b for all w ∈ A∗. Let ψ(x, y) :=
ϕ(x, y) ∧ x > y, then #ψ(an0ban1 · · ·anp) =

∑p
i=0 i× ni.

Example II.4. Let ϕ ∈ MSOk, and x be a fresh variable.

Then, x = x ∧ ϕ ∈ MSOk+1, and #(x = x ∧ ϕ)(w) = |w|×
#ϕ(w) for every w ∈ A∗. Similarly, for all w ∈ A∗ and

a ∈ A, #(a(x) ∧ ϕ)(w) = |w|a ×#ϕ(w).

If F is a subset of the set of functions A∗ → Z and if S ⊆ Z,
we let SpanS (F ) := {

∑

i aifi : ai ∈ S, fi ∈ F} be the set
of S-linear combinations of the functions from F . The set
SpanN ({#ϕ : ϕ ∈ MSOk, k ≥ 0}) has been recently studied

SELECT COUNT(*) FROM WHERE.
f(w) = |{α | w,α |= φ}|
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I N F O R M A T I O N  A N D  C O N T R O L  5 ,  9 1 - - 1 0 7  (1962) 

Finite Counting Automata 

~i. P. SCHI)TZENBERGER* 

Harvard Medical School, Boston, Massachusetts 

I. INTRODUCTION 

The purpose of this note is to define a family (~, of sets of words that 
is, in some sense, the simplest natural generalization of the family ~0' of 
Kleene's (19.56) regular events (cf, also, Bar-Hillel and Shamir (1960) 
and Shepherdson (1959) and below for an abstract definition). However, 
even if this point of view constitutes the main motivation and if it 
suggests the terminology, our treatment of the question will be entirely 
algebraic. In fact this paper can be considered as an attempt towards a 
classification of the (infinite) monoids of finite dimensional rational 
matrices which are the semidirect sum of finite monoids. A discussion 
of these points is to be found in Schiitzenberger (1962). 

The set of F of the so-called input words ( tha t  is, the free rnonoid F 
generated by  the finite set X = {x~} ) is assumed to be fixed. We recall 
tha t  according to Bar-Hillel and Shamir (1960) a regular event F' is a 
subset F '  of F such tha t  ~-lq~F' = F '  for some holnomorphism q~ of F 
into a finite monoid and our construction hinges upon the algori thm 
described in the following definition. 

DEFINITIO:N. A finite counting aulomation ~ of order q is the integral 
valued function of F tha t  is given by: 

(i) A finite set of (qj + l ) - tuples  (~j) = (F~-.~ F '  F '  , ~ , 2 ,  ' ' '  , ; , q , + i )  o f  

regular e v e n t s F '  (1 < j < M ; q ~ , q 2 ,  q~ < q) 
(it) A polynomial  t~ (with integral coefficients) in the variates  

0/1 ~ O~2 ~ " " " ~ OLM . 

For  each word f of F, ~f = fl(alf, a2f, . . .  , aMf) where for each j ,  aft  
denotes the number  of faetorizations f = f l f 2 " " f q ~ + l  of f into q, + 1  

F t  , ,  , . words such thatf~ ~ ~1,f2 E F j ~ ,  • ,fq~+~ + I  

(*) This work was done in part at the Department of Statistics of the Uni- 
versity of North Carolina, under Contract AF 49 (638)-213 of the United States 
Air Force, and supported in part by a grant from the Commonwealth Fund. 
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Abstract—While monadic second-order logic is a promi-

nent logic for specifying languages of finite words, it

lacks the power to compute quantitative properties, e.g.

to count. An automata model capable of computing such

properties are weighted automata, but logics equivalent to

these automata have only recently emerged.

We propose a new framework for adding quantitative

properties to logics specifying Boolean properties of words.

We use this to define Quantitative Monadic Second-Order

Logic (QMSO). In this way we obtain a simple logic which

is equally expressive to weighted automata. We analyse its

evaluation complexity, both data and combined complexity,

and show completeness results for combined complexity.

We further refine the analysis of this logic and obtain

fragments that characterise exactly subclasses of weighted

automata defined by the level of ambiguity allowed in the

automata. In this way, we define a quantitative logic which

has good decidability properties while being resonably

expressive and enjoying a simple syntactical definition.

I. INTRODUCTION

Using logics as specification languages for properties
of finite and infinite words or trees has a long history
in computer science. Of particular importance in this
context is Monadic Second-Order Logic (MSO), the
extension of first-order logic by quantification over sets
of positions in the input word (see e.g. [23], [10]).
The prominence of MSO as logic over words has many
causes: It is a very expressive and yet simple logic in
which many properties can be expressed very naturally.
In fact, Büchi’s classical theorem [6] states that a lan-
guage is recognisable by a finite state automaton if, and
only if, it is definable in MSO. Hence, MSO can define
precisely the regular languages and provides an elegant
specification mechanism for regular properties. Further-
more, the proof of the theorem is algorithmic which
implies that MSO formulas can effectively be compiled
into finite automata which can then be run in linear
time on any input word. Finally, MSO has very good
decidability properties and standard problems such as
satisfiability and therefore equivalence and containment
of formulas are decidable over finite words.

While MSO is an elegant and highly successful mech-
anism for specifying word languages, there are many ap-

plications where we are not only interested in accepting
or rejecting a word but in computing quantitative prop-
erties of words. Consider, for instance, an application
where a server provides a number of different services
which can be requested by clients. Let � be the set of
services provided. A word over � is then a sequence
of client requests. In this context, different services
may incur different costs and we may be interested in
computing the total cost of a word w ∈ �∗. Quantitative
properties of this form cannot be expressed in MSO or
by finite state automata.

Several authors have studied automata models that
allow to compute quantitative properties of words or
trees. An automata model that is capable of comput-
ing such properties is the model of weighted automata
(WA), essentially going back to Schützenberger [21].
Weighted automata are an extension of classical finite
state automata by weights. The main idea is that every
transition of the automaton is mapped to an element
of a fixed semiring such as the semiring of natural
numbers. A run of the automaton on a word is then
mapped to the product of its transitions and the value
of an automaton on a word is the sum over all runs.
By choosing a suitable semiring this allows to compute,
for example, the minimal costs of a run over a word or
similar quantitative properties of word languages as in
the example above.

Weighted automata have found numerous applications
in computer science such as in text and speech process-
ing, model-checking, image processing and many other
areas (see e.g. [12]). However, a logic corresponding to
weighted automata in the same way as MSO corresponds
to finite state automata has only recently been defined
by Droste and Gastin [11] with the introduction of
weighted monadic second-order logic. In full generality,
this logic is more expressive than weighted automata
and, therefore, they define a restricted version of it
by disallowing universal second-order quantification and
restricting universal first-order quantification to formulas
which define “recognisable step functions”, a semantic
property of formal power series.
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Z-polyregular functions
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Abstract—This paper studies a robust class of functions from
finite words to integers that we call Z-polyregular functions. We
show that it admits natural characterizations in terms of logics,
Z-rational expressions, Z-rational series and transducers.

We then study two subclass membership problems. First, we
show that the asymptotic growth rate of a function is computable,
and corresponds to the minimal number of variables required to
represent it using logical formulas. Second, we show that first-
order definability of Z-polyregular functions is decidable. To show
the latter, we introduce an original notion of residual transducer,
and provide a semantic characterization based on aperiodicity.

I. INTRODUCTION

Deterministic finite state automata define the well-known
and robust class of regular languages. This class is captured by
different formalisms such as expressions (regular expressions
[1]), logic (Monadic Second Order (MSO) logic [2]), and
algebra (finite monoids [3]). It contains a robust subclass of
independent interest: star-free regular languages, which admits
equivalent descriptions in terms of machines (counter-free
automata [4]), expressions (star-free expressions [5]), logic
(first-order (FO) logic [6]) and algebra (aperiodic monoids [5]).
Furthermore, one can decide if a regular language is star-free,
and the proof relies on the existence (and computability) of
a canonical object associated to each language (its minimal
automaton [4] or, equivalently, its syntactic monoid [5]).

Numerous works have attempted to carry the notion of
regularity from languages to word-to-word functions. This
work led to a plethora of non-equivalent classes (such as
sequential, rational, regular and polyregular functions [7]).
Decision problems, including first-order definability, become
more difficult and more interesting for functions [8], mainly
due to the lack of canonical objects similar to the minimal
automata of regular languages. It was shown recently that
first-order definability is decidable for the class of rational
functions [9] and that a canonical object can be built [10].

This paper is a brochure for a natural class of functions
from finite words to integers, which we name Z-polyregular

functions. Its definition stems from the logical description of
regular languages. Given an MSO formula ϕ("x) with free first-
order variables "x, and a word w ∈ A∗, we define #ϕ(w)
to be the number of valuations ν such that w, ν |= ϕ("x).
The indicator functions of regular languages are exactly the
functions #ϕ where ϕ is a sentence (i.e. it does not have free
variables, hence has at most one valuation: the empty one). We
define the class of Z-polyregular functions, denoted ZPoly, as
the class of Z-linear combinations of functions #ϕ where ϕ
is in MSO with first-order free variables.

The goal of this paper is to advocate for the robustness
of ZPoly. To that end, we shall provide numerous charac-
terizations of these functions and relate them to pre-existing
models. We also solve several membership problems and
provide effective conversion algorithms. This equips ZPoly
with a smooth and elegant theory, which subsumes that of
regular languages.

Contributions: We introduce the class ZPoly as a natural
generalization of regular languages via simple counting of
MSO valuations. This definition can be seen as a restricted
version of the Quantitative MSO introduced in [11]. It also
coincides with the linear finite counting automata of [12].
We first connect Z-polyregular functions to word-to-word
polyregular functions [7], providing a justification for their
name. As a class of functions from finite words to integers, it
is then natural to compare ZPoly with the well-studied class
of Z-rational series (see e.g. [13]). We observe that ZPoly is
exactly the subclass of Z-rational series that have polynomial
growth, i.e. the functions such that |f(w)| = O(|w|k) for some
k ≥ 0, by making effective the results of Schützenberger [12].
As a consequence, we provide a simple syntax of Z-rational
expressions to describe ZPoly as those built without the Kleene
star. We also show how ZPoly can be described using natural
restrictions on the eigenvalues of representations of Z-rational
series. This property is built upon a quantitative pumping
lemma characterizing the ultimate behavior of Z-polyregular
functions as “ultimately N -polynomial” for some N ≥ 0. We
summarize these results in the second column of Table I.

We then refine the description of ZPoly by considering for
all k ≥ 0, the class ZPolyk of functions described using at
most k free variables in the counting MSO formulas. It is
easy to check that if f ∈ ZPolyk then |f(w)| = O(|w|k).
Our first main theorem shows that this property is a sufficient
and necessary condition for a function of ZPoly to be in
ZPolyk (see Figure 1). This result is an analogue of the various
“pebble minimization theorems” that were shown for word-
to-word polyregular functions [14], [15], [16], [17]. We also
prove that the membership problem of ZPolyk inside ZPoly
is decidable.

Our second main contribution is the definition of an almost
canonical object associated to each function of ZPoly. We
name this object the residual transducer of the function, and
show that it can effectively be built. Its construction is inspired
by the residual automaton of a regular language, and heavily
relies on the decision procedure from ZPoly to ZPolyk.

Finally, we define the class ZSF of star-free Z-polyregular

Formalism Characterization of ZPoly Characterization of ZSF

Counting formulas Counting valuations in MSO (Definition II.5) Counting valuations in FO (Definition V.1)

Polyregular functions sum ◦ polyregular (Proposition II.13) sum ◦ star-free polyregular (Proposition V.17)

Z-rational expressions Closure of rational languages under Cauchy prod-
ucts, sums, and Z-products (Theorem II.20)

Closure of star-free languages under Cauchy prod-
ucts, sums, and Z-products (Theorem V.4)

Ultimately N -polynomial (Theorem II.31) Ultimately 1-polynomial (Theorem V.13)

Z-rational series that are/have Polynomial growth (Theorem II.31) n/a

Eigenvalues in {0} ∪ U (Theorem II.31) Eigenvalues in {0, 1} (Theorem V.18)

Residual transducer Residual transducer (Corollary IV.19) Counter-free residual transducer (Theorem V.13)

TABLE I: Summary of the characterizations of ZPoly and ZSF expressed in different formalisms.

functions, as the class of linear combinations of #ϕ where ϕ
is a first-order formula with free first-order variables. As in the
case of ZPoly, observe that the indicator functions of star-free
languages are exactly the #ϕ where ϕ is a first-order sentence.
Our third main contribution then applies the construction of
the residual transducer to show that the membership problem
from ZPoly to ZSF is decidable. Incidentally, we introduce for
k ≥ 0 the class ZSFk (defined in a similar way as ZPolyk)
and show that ZSFk = ZSF∩ZPolyk, as depicted in Figure 1.
Furthermore, we show that the numerous characterizations of
ZPoly in terms of existing models can naturally be specialized
to build characterizations of ZSF, as depicted in the third
column of Table I.

Overall, our contribution is the description of a natural the-
ory of functions from finite words to Z, that is the consequence
of a reasonable computational power (polynomial growth, i.e.
less than Z-rational series) and the ability to correct errors
during a computation (using negative numbers). Furthermore,
the theory of Z-polyregular functions is built using new and
non-trivial proof techniques.

Outline: Section II is devoted to the introduction of the
classes ZPoly and ZPolyk. We also compare ZPoly with
polyregular functions and with Z-rational series. We then
devote Section III to a free variable minimization theorem
(Theorem III.3), which is a key result towards the effective
computation of a canonical residual transducer in Section IV.
We then introduce ZSF and ZSFk in Section V, and use the
residual transducer to prove the decidability of ZSF inside
ZPoly (Theorem V.8). We conclude by connecting ZSF to
polyregular functions and Z-rational series. All of the afore-
mentioned results include algorithms to decide membership
and provide effective conversions between the various repre-
sentations.

II. Z-POLYREGULAR FUNCTIONS

The goal of this section is to define Z-polyregular func-
tions. We first define this class of functions using a logical
formalism (monadic second-order formulas with free variables,
Section II-A), then we relate it to (word-to-word) regular and
polyregular functions (Section II-B) and finally we show that
it corresponds to a natural and robust subclass of the well-
known Z-rational series (Sections II-C and II-D).

In the rest of this paper, Z (resp. N) denotes the set of
integers (resp. nonnegative integers). If i ≤ j, the set [i:j] is
{i, i+1, . . . , j} ⊆ N (empty if j < i). The capital letter A
denotes a fixed alphabet, i.e. a finite set of letters. A∗ (resp.
A+) is the set of words (resp. non-empty words) over A. The
empty word is ε ∈ A∗. If w ∈ A∗, let |w| ∈ N be its length,
and for 1 ≤ i ≤ |w| let w[i] be its i-th letter. If I = {i1 <
· · · < i!} ⊆ [1:|w|], let w[I] := w[i1] · · ·w[i!]. If a ∈ A, let
|w|a be the number of letters a occurring in w. We assume
that the reader is familiar with the basics of automata theory,
in particular the notions of monoid morphisms, idempotents
in monoids, monadic second-order (MSO) logic and first-order
(FO) logic over finite words (see e.g. [18]).

A. Counting valuations on finite words

Let MSOk be the set of MSO-formulas over the signature
(A,<) which have exactly k free first-order variables. We
then let MSO :=

⋃

k∈N MSOk. If ϕ(x1, . . . , xk) ∈ MSOk,
w ∈ A∗ and 1 ≤ i1, . . . , ik ≤ |w|, we write w |= ϕ(i1, . . . , ik)
whenever the valuation x1 &→ i1, . . . , xk &→ ik makes the
formula ϕ true in the model w.

Definition II.1 (Counting). Given ϕ(x1, . . . , xk) ∈ MSOk,
we let #ϕ : A∗ → N be the function defined by #ϕ(w) :=
|{(i1, . . . , ik) : w |= ϕ(i1, . . . , ik)}|.

The value #ϕ(w) is the number of tuples that make the
formula ϕ true in the model w.

Example II.2. If ϕ ∈ MSO0, then #ϕ is the indicator function
of the (regular) language {w : w |= ϕ} ⊆ A∗.

Example II.3. Let A := {a, b}. Let ϕ(x, y) := a(x) ∧ b(y),
then #ϕ(w) = |w|a × |w|b for all w ∈ A∗. Let ψ(x, y) :=
ϕ(x, y) ∧ x > y, then #ψ(an0ban1 · · ·anp) =

∑p
i=0 i× ni.

Example II.4. Let ϕ ∈ MSOk, and x be a fresh variable.

Then, x = x ∧ ϕ ∈ MSOk+1, and #(x = x ∧ ϕ)(w) = |w|×
#ϕ(w) for every w ∈ A∗. Similarly, for all w ∈ A∗ and

a ∈ A, #(a(x) ∧ ϕ)(w) = |w|a ×#ϕ(w).

If F is a subset of the set of functions A∗ → Z and if S ⊆ Z,
we let SpanS (F ) := {

∑

i aifi : ai ∈ S, fi ∈ F} be the set
of S-linear combinations of the functions from F . The set
SpanN ({#ϕ : ϕ ∈ MSOk, k ≥ 0}) has been recently studied

SELECT COUNT(*) FROM WHERE.
f(w) = |{α | w,α |= φ}|

Ultimately polynomial.
f(uvnw) = poly(n) for large enough n
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for large enough n
where λ1, ..., λk ∈ R+

Spectrum.
Eigenvalues of a matrix semigroup
computing f are in R+
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