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Polynomial invariants

Polynomial invariant for loops (P.I.)

Polynomial equations/inequalities that hold before & after every iteration.

xX,Y,2) = 1, 1, 1

\(Nhilet2ue Ejo : (%0,v0,20) = (1,1,1) 12_13_-90
* 22 (x1,v1,21) =(1,1,2) 12_13 =0

3

e i (x2,v2,22) = (4,8,2) 8°-4°=0
Z X+y : :

end while - .

A polynomial invariant (P.I.) for this loop is y? — x® = 0.
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State of the art/Main result
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Complete v X N v
\/

Our contributions
@ Compute the set of initial values s.t. given polynomials are P
@ Classify all polynomial invariants of degree < d with respect to
initial values
@ More efficient algorithm for a given fixed initial value
© Compute all polynomial invariants of a particular form
Hardness of invariant generation
@ Undecidable for branching loops [Hrushovski, Ouaknine, Pouly,
Worrell; J.ACM, 23]
@ Simple loops: Skolem-hard [Mdiliner, Moosbrugger, Kovacs;
PACMPL, ‘24
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while true do - goF®(a)=0
end while goFW(a)=0forallk € N

Definition

Let F : C" — C" be a polynomial map and g in C[xy, ..., X,]. Define
the invariant set of (F, g) to be:
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Invariant sets are algebraic varieties.
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Let F : C" — C" be a polynomial map and g in C[xy, ..., X,]. Define
the invariant set of (F, g) to be:

S(Fvg) ={xeC"|Vme Z>o :go F(m)(X) =0}.

Invariant sets are algebraic varieties.

Proposition

Letac C". Then, gis Pl. of L(a, F) ifand only if a € S(¢ g).
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Compute invariant sets

Polynomial map F : C" — C" and a polynomial g
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Algorithm Invariant set computation

Input: gand F = (f1,...,f) InQ[xq, ..., Xy].
Output: Polynomials whose common zero-set is S g).
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Compute invariant sets

Polynomial map F : C" — C" and a polynomial g
Proposition
SiFg=V(g@) N V(goF)nV(go F®)n... N V(go FM) for some N € N.

Algorithm Invariant set computation

Input: gand F = (f1,...,f) InQ[x1,..., Xy].
Output Polynomials whose common zero-set is S g).
1 S« {g}
g« goF
while V( S) # V(S,g) do
S+ Su{g}
g+ goF;
end while
return S;

h‘P?.U."ﬁ.‘*?!\?.—‘
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Example

Let us compute all initial values s.t.
|gisaPlof £((a1, &), F): |

(x1,%2) + (a1, a)
while true do

(%1, x2) (i (10x1—8x2,6x1—4x>2)
end while

g=x2— Xx1xo +9x3 — 24x2x> + 16x1X2.
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@ go F@(xy,x) =
7488x3 — 26880xZxp + 832x2 + 31744x, X2 — 1600x1 xo — 122883 + 768x2
This time, V(g,go F) = V(g,g0c F,go F®).
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. Invariant sets and polynomial invariants

g= > bx“eC[x]isaPl
levj| <d
X < a
while true do
x + F(x)
end while
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2. Invariant sets and polynomial invariants

|| <d

g= > bx“eC[x]isaPl

h= > yx% eClx,y]isaPl

Jej|<d

x < a
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Example

Let us compute all polynomial invariants up to degree 2.
= > bix*isaPl.:
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and h = y1 + yoX1 + YaXo + Yax2 + ¥sX1 X2 + YeX2. The output is
polynomials hy, ..., hs in Q[xq, X2, ¥1, . . ., ¥s] Whose common zero set
is S(G,h) C C8.
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[aj] <2

(x1,%2) + (a1, @)
while true do

(%1, %2) £ (10x1—8x2, 6x1 —4x2)
end while

We first run our Algorithm on input G = (10x; —8x2,6X1 — 4x2, Y1, .., ¥e),
and h = y1 + yoXi + YaXo + Yax2 + ysxi X2 + YeX5. The output is

polynomials hy, ..., hs in Q[x1, X2, V1, - .., ¥s] Whose common zero set
is S(G,h) C C8.
1 0 0 0 0 0 7
0 3x; —4xy 3xy — 4x2 0 0 0 Y2
0 64xo  112xp — 48x; 48xF 84x3 — 36x1x2 27x2 — 126x1 % + 14752 | | 3| =0
0 32x 56xy — 24X 24xixp —9xZ + 21x1x2 + 12x3 —18x1 %2 + 42x3 ;4
0 4x, 7xo — 3%y 3x2 3x1 X0 3x2 yz

isaPlof £L((a1, &), F) < (a1,a2,b1,...,bs) € V(hy,..., hs).
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Example

Let us compute all polynomial invariants up to degree 2.
= > bix*isaPl.:

lail<2

(x1,%2) + (a1, @)
while true do

(%1, %2) £ (10x1—8x2, 6x1 —4x2)
end while

We first run our Algorithm on input G = (10x; — 8x2,6x1 — 4X2, Y1, ..., ¥e),
and h = y1 + yoX1 + YaXo + Yax2 + ¥sX1 X2 + YeX2. The output is

polynomials hy, ..., hs in Q[xq, X2, ¥1, . . ., ¥s] Whose common zero set
is S(G,h) C C8.
Initial values Basis of b
S ={(0,0)} Ty = {X1-,X2,X1X2,X12,X§}
S, ={(a,a)|ac C*} To = {X1 — X0, X2 — XiXo, —X1 X2 + X3}
S3 = {(%a, a) lace C*} T3 = {3x1 — 4%, —3x? + 16Xy X% — 16X3, —3x1 %2 + 4xZ}
Sy = {(317 a) € c2? | a1 # %32, a1 # 32} T4 ={(8a1 — 432)2X1 —(3a1 — 432)2)(2 —9(ar — 82)X12
+24(a1 — ag)X1X2 - 16(31 - az)Xzz} 711




3. Loops with given initial values

> yiFOx)* =0
S =:
> HEMG) =0

8/11



3. Loops with given initial values

> _yi(FOa) =0
{coefficients of P.I. of L(a, F)} = (:

ny(F<N>(a))a' =0

8/11



3. Loops with given initial values

> _yi(FOa) =0
{coefficients of P.I. of L(a, F)} 7 < :

> yiF®¥(a)* =0

8/11



3. Loops with given initial values

> _yi(FOa)~ =0
{coefficients of P.I. of L(a, F)}C ¢ :

> yi(F9(a@)* =0

8/11



3. Loops with given initial values

>_n(FO(@)™ =0

{coefficients of PI. of L(a, F)}C < : =~ Span(gi1(x), .., 9s(x))

ZYI a)) =0

8/11



3. Loops with given initial values

>_n(FO(@)™ =0

{coefficients of P\ of £(a, F)}C < : =~ Span(gi(x), .. .,9s(x))

ZYI a)) =0

Proposition

For every PlI. g of L(a, F), g is a linear combination of g1(x), ..., 9s(X).

8/11



3. Loops with given initial values

> WFO @) =0
= Span(gi(X), ..., gs(X))

ZYI a))a' =0

{coefficients of Pl. of L(a, F)}C

Proposition
For every P.l. g of L(a, F), g is a linear combination of g1(x), ..., gs(x).

g= Z bix% is a Pl.
|| <d
x < a
while true do
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end while
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3. Loops with given initial values

{coefficients of Pl. of L(a, F)}C

Proposition

> i(FO

SR

a))* =0

J(@))* =0

= Span(gi(x), - .-

, 9s(X))

For every Pl. g of L(a, F), g is a linear combination of g (x), ...

7gs(X)'

|| <d

g= > bx“isaPl

x < a

while true do
x +— F(x)

end while

d

("9 = nb of monomials x

>

S
g=> XAgi(x)isaP.LlL
i=1

X < a
while true do
x + F(x)

end while

s = number of g;(x)
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Polynomial invariants of a form g(x) — c¢(a) = 0 for all initial values a
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Example: Fibonacci trace map

Let us compute all polynomial invariants of the form g(x) — g(a) up to
degree 4 for the following loop.

(x1,%2,x3) = (a1, @2, as)
while true do

%1 %2

X2 (i X3

X3 2X9X3 — Xq
end while
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Example: Fibonacci trace map

Let us compute all polynomial invariants of the form g(x) — g(a) up to
degree 4 for the following loop.

(x1,%2,x3) = (a1, @2, as)
while true do
X
1 E X2
Xp | X3
%3 2x%px3 — X{
end while

Define g = y1 + YoXa + YaXo + yaXs + ... + Yasxi.
VidYoXi+YaXo+YaXa+. . +YasXs = Yi+Yo(2x0x5 — X1 )+YaXa+YaXo+. . +Yasxet

54 linear equations are obtained from the equation above such as
Yo — Y3, ¥a — ¥3,16y11, and yio — ys
The following is the only one P.I. for £(a, F) for all (ay, a», az) € C3.

X2+ X5 4 X2 — 2X1XoX3 — (& + @5 + & — 2ajaxa3) = 0
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Conclusion

@ Compute the set of initial values s.t. given polynomials are P.I.

@ Classify all polynomial invariants of degree < d w.r.t initial values
© More efficient algorithm for a given fixed initial value
© Compute all polynomial invariants of the form g(x) — g(a) =0
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@ Compute the set of initial values s.t. given polynomials are P.I.

@ Classify all polynomial invariants of degree < d w.r.t initial values
© More efficient algorithm for a given fixed initial value
© Compute all polynomial invariants of the form g(x) — g(a) =0

Thank you for your attention!
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