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Linear recurrence sequences (LRS)

a:N—Q

For example a,, = n”

ag = O, Ap1 = Gp + an + ¢,
bO — O; bn+1 — bn + ¢,

Co = 1; Cn+1 = Cp
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Linear recurrence sequences (LRS)
a:N—Q

For example a, = n?

ag = O, Ap1 = Gp + an + ¢,
bO — O; bn+1 — bn + ¢,

Co = 1; Cn+1 = Cp

100\ (1
1 11 0

In general u, = ITM"F

Can be also defined by a,,,3 = 3a, 9 — 3a, 1 + a,
f—1

In general w1 = D Qe
i=0
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Many nice properties of LRS

e Unique, computable minimal degree

(d = 3 for a, = n?)
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Many nice properties of LRS

e Unique, computable minimal degree

(d = 3 for a, = n?)

e Closure properties, given LRS a,,, by:

Cp = Gp + bn; Cp = Ap - bn; Cp = Ap * bn — Z a; - bn—i—l
<n

e Closed form

an = pi(n) - AY
(for n big enough)

eg F, = %gpn + %@b”
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Weighted automata over the rational field

o Ais defined by ¥ = {a,b,c}, M,, My, M, € Q> I FeQ?
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AT 5 Q
A(w) = I"M,F, where M,, = M,, ... M, forw=w;... w,.
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Weighted automata over the rational field
o Ais defined by ¥ = {a,b,c}, M,, My, M, € Q> I FeQ?

A: X" —0Q
A(w) = I"M,F, where M,, = M,, ... M, forw=w;... w,.

e LRS are weighted automata for [¥| = 1.
, hence AN — Q

Minimal degree and closure properties of LRS follow easily

at =

e We consider extensions of LRS from this point of view.

We work over Q
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Polynomial sequences (polyrec)

Change matrices M, to polynomial maps
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Change matrices M, to polynomial maps

Polynomial automata, cost-register automata, polynomial recurrent relations

Example a,, = 2%

ap = 27 Anp+1 = a’%; fl(x> — ZCQ
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Polynomial sequences (polyrec)

Change matrices M, to polynomial maps

Polynomial automata, cost-register automata, polynomial recurrent relations
Example a,, = 2%

ap =2, au1=a>, fi(r)=2’

Example a,, = n/

ay = 17 Ap+1 = Qp - bna fl(x7 y) = XY

60:17 b'n+1:bn+1a f2<$7y>:y+1
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Polynomial sequences (polyrec)

Change matrices M, to polynomial maps

Polynomial automata, cost-register automata, polynomial recurrent relations

Example a,, = 2%

ap = 27 Anp+1 = ai; fl(x> — ':UQ
Example a,, = n/

ap =1, apy1=ay- by, fl(x7 y) =Y
60:17 b'n+1:bn+1a f2<$7y>:y+1

Example a,, = 22" 4+ n!, ora, =2° -nl

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 4/ 34



Polyrec formally

a711+1:P1(a7117°'°7a)

aiﬂ — Pg(a},“ o ak’)

ak ., = Pua),... a)

n

For some fixed polynomials Py, ..., Py € Q[zy ..., x]
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Polyrec formally

a’711+1 - P1<a’7117 Tty ai)
aiﬂ — Pg(a},“ o ak’)
k

ak ., = Pua),... a)

n

For some fixed polynomials Py, ..., Py € Q[zy ..., x]

1

. 1s the defined sequence

a, = a
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Polyrec formally

a’711+1 - Pl(aﬁlm Tty ai)

a’721+1 - P2<a7117 SRR ak)

ak ., = Pua),... a)

n

For some fixed polynomials Py, ..., Py € Q[zy ..., x]

1

. 1s the defined sequence

a, = a

If P; are rational functions this is a larger class called ratrec
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Algebraic sequences

In the automata definition generalise to context-free grammars (CFGs)
Weighted /probabilistic CFGs
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Generating function satisfy a polynomial equation P(x, A(z)) =0

Alz) =327 a; - z',  where a, is the sequence
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Algebraic sequences

In the automata definition generalise to context-free grammars (CFGs)

Weighted /probabilistic CFGs

Generating function satisfy a polynomial equation P(x, A(z)) =0

A(x)=>"ya;-z', where a, is the sequence

Example C,, Catalan numbers

1—C(x)+aC(x)* =0
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Algebraic sequences

In the automata definition generalise to context-free grammars (CFGs)

Weighted /probabilistic CFGs

Generating function satisfy a polynomial equation P(x, A(z)) =0

A(x)=>"ya;-z', where a, is the sequence

Example C,, Catalan numbers

1—C(x)+aC(x)* =0

Example a,, = (27,7)

(1—42)A(x)* —1=0
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Algebraic sequences

In the automata definition generalise to context-free grammars (CFGs)

Weighted /probabilistic CFGs

Generating function satisfy a polynomial equation P(x, A(z)) =0

A(x)=>"ya;-z', where a, is the sequence

Example C,, Catalan numbers

1—C(x)+aC(x)* =0

Example a,, = (27,7)

(1—42)A(x)* —1=0

Example a,, = C,, + a,

Filip Mazowiecki
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Algebraic sequences a bit more formally

Take a CF'G and add a weight to each rule

Derivation tree: product of weights, sum over all derivation trees
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Algebraic sequences are contained in holonomic sequences

allow polynomials (in n) in the recursion  (special case of ratrec)
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Derivation tree: product of weights, sum over all derivation trees
For unary alphabet the grammar defines a system of polynomial equations

(that can be eliminated, leaving one equation)

Algebraic sequences are contained in holonomic sequences

allow polynomials (in n) in the recursion  (special case of ratrec)

Example C,, Catalan numbers

Co=1, (n+2)Ch1=4n+2)C,
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Algebraic sequences a bit more formally

Take a CF'G and add a weight to each rule
Derivation tree: product of weights, sum over all derivation trees
For unary alphabet the grammar defines a system of polynomial equations

(that can be eliminated, leaving one equation)

Algebraic sequences are contained in holonomic sequences

allow polynomials (in n) in the recursion  (special case of ratrec)

Example C,, Catalan numbers

Co=1, (n+2)Ch1=4n+2)C,

Example a,, = n/
ag = 1; Ap4+1 = Qp - N
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MSO sequences

Present in the logic framework, replace quantifiers with aggregators
Weighted MSO
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Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 8/ 34



MSO sequences

Present in the logic framework, replace quantifiers with aggregators
Weighted MSO

MSO formula evaluate to 0 or 1,  constants

3,V become > and []

Example a,, = n" and b, = n!

an — ng Zy 17 bn — Hq’ Zy[aj S y}

Example a,, = 2" and b,, = 2%

an:ZXla bn:HX2
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MSO sequences

Present in the logic framework, replace quantifiers with aggregators
Weighted MSO

MSO formula evaluate to 0 or 1,  constants

3,V become > and []

Example a,, = n" and b, = n!

Ap = Hx Zy 17 bn — HJ‘ ZU{SIZ < y}

Example a,, = 2" and b,, = 2%
Ap = ZX L, by = HX2

Example a, = 22" +nl, or a,=2> - nl
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MSO sequences formally

Atomic formulas: ¢ € Q, where [q] = ¢, MSO formulas, where [¢] € {0,1}

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 9/ 34



MSO sequences formally

Atomic formulas: ¢ € Q, where [q] = ¢, MSO formulas, where [¢] € {0,1}

binary operators: + and - (instead of V and A)

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 9/ 34



MSO sequences formally

Atomic formulas: ¢ € Q, where [q] = ¢, MSO formulas, where [¢] € {0,1}

binary operators: + and - (instead of V and A)

> > v, I L, Il quantifiers  (instead of 3,, Ix, V., Vx)

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 9/ 34



MSO sequences formally

Atomic formulas: ¢ € Q, where [q] = ¢, MSO formulas, where [¢] € {0,1}

binary operators: + and - (instead of V and A)

> > v, I L, Il quantifiers  (instead of 3,, Ix, V., Vx)

(> =) 1, ¢ are weighted automata

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 9/ 34



MSO sequences formally
Atomic formulas: ¢ € Q, where [q] = ¢, MSO formulas, where [¢] € {0,1}

binary operators: + and - (instead of V and A)

> > v, I L, Il quantifiers  (instead of 3,, Ix, V., Vx)

(>- )" I,  are weighted automata

(=) I, ¢ are polynomially ambiguous weighted automata
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Nonlinear extensions summary

LRS

(weighted automata)
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Nonlinear extensions summary

LRS

(weighted automata)

polyrec

@braic
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Nonlinear extensions summary

LRS

(weighted automata)

— means inclusion

polyrec
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Nonlinear extensions summary

LRS

(weighted automata)

— means inclusion

polyrec

Goal: show that there are no other inclusions.
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Asymptotics of sequences

Bound on |a,| < f(n)?
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Asymptotics of sequences

Bound on |a,| < f(n)?

e For LRS and algebraic f(n) = ¢"

e For holonomic f(n) = c*losn

e For polyec, ratrec and mso f(n) = ¢

Corollary: holonomic cannot contain polyrec or mso
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Asymptotics of sequences

Bound on |a,| < f(n)?

e For LRS and algebraic f(n) = ¢"

e For holonomic f(n) = c*losn

e For polyec, ratrec and mso f(n) = ¢

Corollary: holonomic cannot contain polyrec or mso

Also algebraic are strictly contained in holonomic

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 11/ 34



Sequences modulo primes

Assume a,, € N, define b,, = a,, mod p.
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Sequences modulo primes
Assume a,, € N, define b,, = a,, mod p.
For Fibonacci mod 2 we get: 0,1,1,0,1,1,0,...
For nl we get: by =1, by =1, by =7,...,0, =0, b,y1 =0,...

In general for polyrec we eventually get a cycle

1 1 k
a, = Pi(a,,...,a,) modp

2 o 1 k
a;. = Psa,,...,a,) modp
k o 1 k
a,., = Pila,,...,a;) modp
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Sequences modulo primes

Assume a,, € N, define b,, = a,, mod p.

For Fibonacci mod 2 we get: 0,1,1,0,1,1,0,...

For nl we get: by =1, by =1, by =7,...,0, =0, b,y1 =0,...

In general for polyrec we eventually get a cycle

1 1 k

a, = Pi(a,,...,a,) modp
2 o 1 k

a;. = Psa,,...,a,) modp
koo 1 k

a,., = Pila,,...,a;) modp

This makes sense for p big enough (a!, € Q)
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Sequences modulo primes

Corollary: for p big enough polyrec mod p are ultimately periodic
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Sequences modulo primes

Corollary: for p big enough polyrec mod p are ultimately periodic

Theorem (Droste and Gastin 2005, Wisniewski 2025)

MSO sequences mod p are ultimately periodic.
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Sequences modulo primes

Corollary: for p big enough polyrec mod p are ultimately periodic

Theorem (Droste and Gastin 2005, Wisniewski 2025)

MSO sequences mod p are ultimately periodic.

Catalan numbers C,, are odd iff n =2™ — 1

More generally they are not ultimately periodic modulo any prime

Corollary: polyrec and MSO sequences do not contain algebraic

(in particular polyrec is strictly smaller than ratrec)
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Sequences modulo primes

Corollary: for p big enough polyrec mod p are ultimately periodic

Theorem (Droste and Gastin 2005, Wisniewski 2025)

MSO sequences mod p are ultimately periodic.

Catalan numbers C,, are odd iff n =2™ — 1

More generally they are not ultimately periodic modulo any prime

Corollary: polyrec and MSO sequences do not contain algebraic

(in particular polyrec is strictly smaller than ratrec)

[t remains to compare polyrec/ratrec with MSO sequences
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Nonlinear extensions summary

LRS

(weighted automata)

polyrec

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 14/ 34



An MSO sequence which is not polyrec

[,>,1, lea,=n"
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An MSO sequence which is not polyrec
[,>,1, lea,=n"
How to show it’s not polyrec?

e Asymptotic argument?

n! <n" <3 nl

e Ultimate periodicity?
Aptp(p—1) = (n + p<p — 1>>n+p<p71)
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An MSO sequence which is not polyrec
[,>,1, lea,=n"
How to show it’s not polyrec?

e Asymptotic argument?

n!l <n®<3".nl

e Ultimate periodicity?
an—&-p(p—l) — (n +p<p o 1>)n+p(p—l)

=n"-nPP~D =n" mod p
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Cancelling polynomials

Definition
A sequence a,, admits a cancelling polynomial if there exists £ € N and

nonzero Z € Q|xg, ..., xx] such that Z(ay, api1, ..., a,15) = 0 for all n.
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For a, = 2% consider k = 1 and Z(zg, z1) = (2¢)? — 2

works since a, 1 = (%)2

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 16 / 34



Cancelling polynomials

Definition

A sequence a,, admits a cancelling polynomial if there exists £ € N and

nonzero Z € Q|xg, ..., xx] such that Z(ay, api1, ..., a,15) = 0 for all n.

For a, = 2% consider k = 1 and Z(zg, z1) = (2¢)? — 2

works since a, 1 = (%)2

For a,, = n! observe that
(n+2)! (n+1)!

it = oy T L

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 16 / 34



Cancelling polynomials

Definition

A sequence a,, admits a cancelling polynomial if there exists £ € N and

nonzero Z € Q|xg, ..., xx] such that Z(ay, api1, ..., a,15) = 0 for all n.

For a, = 2% consider k = 1 and Z(zg, z1) = (2¢)? — 2

works since a, 1 = (%)2

For a,, = n! observe that
(n+2)! (n+1)!

it = oy T L

Take k = 2 and Z(xq, x1, 19) = 29 - 9 — (21)? — 21 - 70
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Cancelling polynomials

Theorem

Polyrec and ratrec sequences admit cancelling polynomials
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Cancelling polynomials

Theorem

Polyrec and ratrec sequences admit cancelling polynomials

Theorem

n" does not admit a cancelling polynomial

(See part 2 of the talk)

This is not unique, consider k = 0 and (z()* — 1

Cancelling polynomial of any (not polyrec even) sequence over {—1,1}
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Cancelling polynomials

Theorem

Polyrec and ratrec sequences admit cancelling polynomials

Theorem

n" does not admit a cancelling polynomial

(See part 2 of the talk)

This is not unique, consider k = 0 and (z()* — 1

Cancelling polynomial of any (not polyrec even) sequence over {—1,1}

Corollary: polyrec and ratrec do not contain MSO sequences
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A polyrec sequence which is not an MSO sequence

Well, we don’t know.
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A polyrec sequence which is not an MSO sequence

Well, we don’t know.

Conjecture

a, = Fr is not an MSO sequence, where F}, is Fibonacci

(nested Fibonacci, double exponential growth)

Nothing convincing to support the conjecture

Maybe that double exponential comes from [

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences
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Composing LRS over N

Theorem (Scnizergues)

If a,,, b, are LRS N — N then ¢, = a;, 1s polyrec
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Composing LRS over N

Theorem

If a,,, b, are LRS N — N then ¢, = a;, 1s polyrec
In particular Fr, is polyrec

Recall that F,.o = Fyoy + F, and F, = (o 1)
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Composing LRS over N

Theorem

If a,,, b, are LRS N — N then ¢, = a;, 1s polyrec

In particular Fr, is polyrec

0 1 1
Recall that F,, o = F,.1 + F, and F,, = (0 1)
11 0
Fn anl anQ
0 1 1 01 01 1
Fr, = (0 1) (0 1)
0 11 0
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Composing LRS over N

Theorem

If a,,, b, are LRS N — N then ¢, = a;, 1s polyrec

In particular Fr, is polyrec

01\ (1
Recall that Fyy = Fyyq + F,  and F, — (o 1)
11/ \o
F, F,_4 F,_s
01\ (1 01 01 1
Fr, = (0 1) (0 1)
1 1] \o 11 0
— ~ ~~ -

To express this we use 8 sequences
an, by, Cn, d,, (Fibonaccl), x,, Yn, 2n, Wy, (previous Fibonacci)

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences

19 / 34



Composing LRS over N

An+1 bn+1 an, bn Ln Yn

Cn+1 dn—i—l Cn dn Zn Wy
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Composing LRS over N

An+1 bn+1 an, bn Ln Yn

Cn+1 dn—i—l Cn dn Zn Wy

For example a1 = a, - , + b, - 2y,

Ln+1 Yn+1 an bn

Zn+1 Wnp+1 Cn dn

It so happens that Fr, = ¢,
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Composing LRS over N

An+1 bn+1 an, bn Ln Yn

Cn+1 dn—i—l Cn dn Zn Wy

For example a1 = a, - , + b, - 2y,

Ln+1 Yn+1 an bn

Zn+1 Wnp+1 Cn dn

It so happens that Fr, = ¢,

Note that we can compose only once (asymptotics)

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 20 / 34



Two definitions of sequences

For LRS

k-1
1. apip = > ia,y;  (one sequence)
i=0
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Two definitions of sequences

For LRS
k-1
1. apip = > ia,y;  (one sequence)
i=0

2.a,=I1"TM"F (system of sequences)

Of course a system can remember previous k values
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Two definitions of sequences

For LRS
k-1
1. apip = > ia,y;  (one sequence)
i=0

2.a,=I1"TM"F (system of sequences)

Of course a system can remember previous k values

Conversely see part 2

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 21 / 34



One sequence definition for polyrec?

Upik = Plan, ity - - apygp—1) for some P € Qlzg, ..., Tp_1]
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One sequence definition for polyrec?
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Cancelling polynomial is almost this

but doesn’t have to be linear in a,
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Upik = Plan, ity - - apygp—1) for some P € Qlzg, ..., Tp_1]

Cancelling polynomial is almost this

but doesn’t have to be linear in a,

For n! it was a9 - @y — (ap41)? — @npr - an = 0.
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One sequence definition for polyrec?

Upik = Plan, ity - - apygp—1) for some P € Qlzg, ..., Tp_1]

Cancelling polynomial is almost this

but doesn’t have to be linear in a,

For n! it was a9 - @y — (ap41)? — @npr - an = 0.

Proposition

One sequence polyrec definition is not possible for a, = n!.
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One sequence definition for polyrec?

Upik = Plan, ity - - apygp—1) for some P € Qlzg, ..., Tp_1]

Cancelling polynomial is almost this

but doesn’t have to be linear in a,

For n! it was a9 - @y — (ap41)? — @npr - an = 0.

Proposition

One sequence polyrec definition is not possible for a, = n!.

Asymptotic reasons (next slide)
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n! not definable by one polynomial

Suppose a1 = Plan, Gpity -y Gpip—1)
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n! not definable by one polynomial

Suppose a1 = Plan, Gpity -y Gpip—1)

P =(Q + A, where A is the sum of all monomials of degree at most 1

Observation: |A(ay, Gpi1,y ... anp—1)] < c-n+k—1) < (n+ k)
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Suppose a1 = Plan, Gpity -y Gpip—1)

P =(Q + A, where A is the sum of all monomials of degree at most 1

Observation: |A(ay, Gpi1,y ... anp—1)] < c-n+k—1) < (n+ k)

This is almost true (n!)? | Q(an, anit, ..., Gpip1)

But (n!)? is too big to divide (n + k)l — A(an, @ni1, - - Gnog1)
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n! not definable by one polynomial

Suppose a1 = Plan, Gpity -y Gpip—1)

P =(Q + A, where A is the sum of all monomials of degree at most 1

Observation: |A(ay, Gpi1,y ... anp—1)] < c-n+k—1) < (n+ k)

This is almost true (n!)? | Q(an, anit, ..., Gpip1)

But (n!)? is too big to divide (n + k)l — A(an, @ni1, - - Gnog1)

Thus @ = 0 (contradiction)
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What about ratrec definable by one polynomial?

Upik = R(ay, apit, - o apap—1) for some R € Q(xg, ..., x5 1)
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What about ratrec definable by one polynomial?

Upik = R(ay, apit, - o apap—1) for some R € Q(xg, ..., x5 1)

(an+1)

2
For n! we have a,, .o = ot anp
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What about ratrec definable by one polynomial?

Upik = R(ay, apit, - o apap—1) for some R € Q(xg, ..., x5 1)

(an+1)

2
For n! we have a,, .o = ot anp

20,41 (Cri1+8C
For Catalan numbers we have C), o = b1 (i1 +8Cr)
10C,—Chia
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What about ratrec definable by one polynomial?

Upik = R(ay, apit, - o apap—1) for some R € Q(xg, ..., x5 1)
For n! we have a,,9 = @2 4 ¢
: n+2 — g n+1

2
For Catalan numbers we have C), 1o = Onfolécwé%icn)
n- “Yn+

Conjecture

ratrec can be defined with one sequence
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What about ratrec definable by one polynomial?

Upik = R(ay, apit, - o apap—1) for some R € Q(xg, ..., x5 1)
For n! we have a,,9 = @2 4 ¢
. n+2 — g n+1

2
For Catalan numbers we have C), 1o = Cnfol((;C"%JriC")
n- “Yn+

Conjecture

ratrec can be defined with one sequence

Theorem (Tabuguia and Worrell 2024)

This is true for holonomic sequences
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Problematic sequence

Given a ratrec defined with d sequences

One would conjecture that the recursion depth is k = f(d)

Up+k = R(ana Ap415 -+ -5 an+k—1)
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Let Py(x)=x(x —1)...(x —m) form €N
Uy, = Pp(n)
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Uy, = Pp(n)

Can be defined as a system of d = 2 sequences (using b, = n)
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One would conjecture that the recursion depth is k = f(d)
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Let Py(x)=x(x —1)...(x —m) form €N
Uy, = Pp(n)

Can be defined as a system of d = 2 sequences (using b, = n)

In general if ag, ay,...,ax_1,ar = 0 then a, =0 (for all n)
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Problematic sequence

Given a ratrec defined with d sequences

One would conjecture that the recursion depth is k = f(d)

Up+k = R(ana Ap415 -+ -5 an+k—1)

Let Py(x)=x(x —1)...(x —m) form €N
Uy, = Pp(n)

Can be defined as a system of d = 2 sequences (using b, = n)

In general if ag, ay,...,ax_1,ar = 0 then a, =0 (for all n)

But the first nonzero element of u,, depends on m (independent of d = 2)

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 25/ 34



Possible application

Checking if ratrec is well-defined is Skolem hard
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Possible application

Checking if ratrec is well-defined is Skolem hard

But the conjecture could be applied to polyrec

If k= f(7)is “small” this gives an efficient algorithm for zeroness

Currently we know PSPACE-hardness and Ackermann upper bound.

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences

26 / 34



Conclusion

e polyrec is interesting
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Conclusion

e polyrec is interesting

e ratrec 1s Interesting
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Conclusion

e polyrec is interesting

e ratrec 1s Interesting

e Are MSO sequences interesting?
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Cancelling polynomial for polyrec and ratrec

Recall LRS a, = ITM"F  (system of sequences)

k—1

Goal: tpip = D iy
i=0
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Cancelling polynomial for polyrec and ratrec

Recall LRS a, = ITM"F  (system of sequences)

k—1

Goal: tpip = D iy
i=0

Consider R : QF — Q¥+!

R(Z) = (ITM %, ITM %, ... ITM*7)
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Cancelling polynomial for polyrec and ratrec

Recall LRS a, = ITM"F  (system of sequences)

k—1

Goal: tpip = D iy
i=0

Consider R : QF — Q¥+!
R(#) = (ITM°Z, ITM°Z, ..., ITM*Z)
Let w, = M"F

R<ﬁn> - (an; (077 PRI a’n+/€)
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Cancelling polynomial for polyrec and ratrec

Recall LRS a, = ITM"F  (system of sequences)

k—1

Goal: tpip = D iy
i=0

Consider R : Q¥ — Q!

R(Z) = (I"TM %, [T Mz, ..., IT M*)
Let u, = M"F

R(u,) = (an, Gpsty - - - Qnak)

So there is nonzero K : Q"™ — Q s.t. Im(R) = ker(K)

which defines the recursion
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Cancelling polynomial for polyrec and ratrec

a711+1 - Pl(a}w s 7a’k)

a721+1 - PQ(a}w s 7a’k)

ak = Pla), ... a")

n?

Goal nonzero Z € Qlxy, .

|
ap = Qy,

Filip Mazowiecki

Nonlinear extensions of linear recurrence sequences
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Cancelling polynomial for polyrec and ratrec

a711+1 - Pl(a}w s 7a’k)

a721+1 - PQ(a}w s 7a’k)

ak = Pla), ... a")

n?

Goal nonzero Z € Qlxy, ..., zx] such that Z(an, apiq ..., a,e) = 0 for all n

|
ap = Qy,

Theorem

In Q(z1,...,x) every k + 1 elements are algebraically dependent.
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Cancelling polynomial for polyrec and ratrec

a}H—l - Pl(CL?lw s 7a’k)

a721+1 - PQ(a}w s 7a’k)

ak = Pla), ... a")

Goal nonzero Z € Qlxy, ..., zx] such that Z(an, apiq ..., a,e) = 0 for all n
Un = a*rlz
Theorem

In Q(z1,...,x) every k + 1 elements are algebraically dependent.

Define P! € Q[x1, ..., 2]
P,P(:Eh coxp) =xy, and PH(T) = P,;(Pf_l(f), . P]f_l(f)).
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Cancelling polynomial for polyrec and ratrec

. pi(] kY _ i
Observation: P (a,,...,ay) = a,,
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Cancelling polynomial for polyrec and ratrec

. pi(] kY _ i
Observation: P (a,,...,ay) = a,,

Consider the polynomials P, Pl,... P} € Qxy, ..., x]
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Cancelling polynomial for polyrec and ratrec

. pi(] kY _ i
Observation: P (a,,...,ay) = a,,

Consider the polynomials P, Pl,... P} € Qxy, ..., x]

They are algebraically dependent
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Cancelling polynomial for polyrec and ratrec

Observation: Pl(al,... af)=a’,
Consider the polynomials P, Pl,... P} € Qxy, ..., x]
They are algebraically dependent

So there is R € Q[x1, ..., x|, which is the cancelling polynomial for a,,
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Cancelling polynomial for polyrec and ratrec

Observation: Pl(al,... af)=a’,
Consider the polynomials P, Pl,... P} € Qxy, ..., x]
They are algebraically dependent

So there is R € Q[x1, ..., x|, which is the cancelling polynomial for a,,

Note: we can assume R € Z[zq, ..., xy]
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No cancelling polynomial for n"
Lemma

Suppose 0 # Z € Z[xy, . .., x| There exists Py, ..., Py, Q1,...,Qum € Z[1]
st. Z(n", (n+ 1" o (n+ k)" =57 Pi(n)" - Qi(n) for all n.
i=1
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No cancelling polynomial for n"
Lemma
Suppose 0 # Z € Z[xy, . .., x| There exists Py, ..., Py, Q1,...,Qum € Z[1]

st. Z(n", (n+ 1" o (n+ k)" =57 Pi(n)" - Qi(n) for all n.
i=1

Important: all polynomials are nonzero, and P, are pairwise different.
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No cancelling polynomial for n"

Lemma
Suppose 0 # Z € Z[xy, . .., x| There exists Py, ..., Py, Q1,...,Qum € Z[1]
st. Z(n" (n+ 1" o (n 4+ k)R =57 Pi(n)" - Qy(n) for all n.
i=1

Important: all polynomials are nonzero, and P, are pairwise different.

d;

k
Proof: take a monomial M (z,...,x5) =c- [] x;

Jj=0
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No cancelling polynomial for n"

Lemma
Suppose 0 # Z € Z[xy, . .., x| There exists Py, ..., Py, Q1,...,Qum € Z[1]
st. Z(n" (n+ 1" o (n 4+ k)R =57 Pi(n)" - Qy(n) for all n.
i=1

Important: all polynomials are nonzero, and P, are pairwise different.

d;

k

Proof: take a monomial M (zg,...,x;) = ¢
=0

2
M, ..., (n+k)"H*) =c- T[(n+ 5)40+)
7=0
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No cancelling polynomial for n"

Lemma
Suppose 0 # Z € Z[xy, . .., x| There exists Py, ..., Py, Q1,...,Qum € Z[1]
st. Z(n" (n+ 1" o (n 4+ k)R =57 Pi(n)" - Qy(n) for all n.
i=1

Important: all polynomials are nonzero, and P, are pairwise different.

k

. d.
Proof: take a monomial M (zy,...,xx) =c- [] x}
J=0

2
M, ..., (n+k)"H*) =c- T[(n+ 5)40+)
7=0

k
Take P, = [[(z + j)%

J=0

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 31/ 34



No cancelling polynomial for n"

Suppose Y Pi(n)" - Q;(n) =0 for all n
=1

1=
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No cancelling polynomial for n"

Suppose Y Pi(n)" - Q;(n) =0 for all n
=1

1=

e Idea: Pj(n)" make them independent
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No cancelling polynomial for n"

Suppose Y Pi(n)" - Q;(n) =0 for all n
i=1

e Idea: Pj(n)" make them independent

Lemma

For every prime p, and a,b € Zs.t. b >0
5" P(a)’ - Qila) =0 mod p
i=1
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No cancelling polynomial for n"

Suppose Y Pi(n)" - Q;(n) =0 for all n
=1

1

e Idea: Pj(n)" make them independent

Lemma

For every prime p, and a,b € Zs.t. b >0
5" P(a)’ - Qila) =0 mod p
i=1

Taken >bst.n=a mod pandn =56 mod p — 1.

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 32/ 34



No cancelling polynomial for n"

Suppose Y Pi(n)" - Q;(n) =0 for all n
=1

1

e Idea: Pj(n)" make them independent

Lemma

For every prime p, and a,b € Zs.t. b >0
5" P(a)’ - Qila) =0 mod p
i=1

Taken >bst.n=a mod pandn =56 mod p — 1.

Observe Q;(n) = Q;(a) mod p, and P(n)" = P,(a)’ mod p
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No cancelling polynomial for n"

U = (Qui(a), ..., Qm(a))
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No cancelling polynomial for n"

U = (Qui(a), ..., Qm(a))

Then @, - D, =0 mod p, (for all primes p)
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No cancelling polynomial for n"

U = (Qui(a), ..., Qm(a))

Then @, - D, =0 mod p, (for all primes p)

Lemma

There is D, such that D, D, = det(D,)1
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No cancelling polynomial for n"

U = (Qui(a), ..., Qm(a))

Then @, - D, =0 mod p, (for all primes p)

Lemma

There is D, such that D, D, = det(D,)1

So i, - det(D,) =0 mod p
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(Almost) Vandermonde matrix
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(Almost) Vandermonde matrix

Theorem
m

det(Do) = [ Pi(a) - 1 (Fia) = Pi(a))

i=1 1<i<j<m
If P, are pairwise different then

S(z) = f[l Pi(z)- I (Pi(x)— P;(z)) is nonzero

1<i<j<m
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(Almost) Vandermonde matrix

Theorem
m

det(Do) = [ Pi(a) - 1 (Fia) = Pi(a))

i=1 1<i<j<m
If P, are pairwise different then

S(z) = f[l Pi(z)- I (Pi(x)— P;(z)) is nonzero

1<i<j<m

But S(a)-Qi;(a) =0 modp forallaeNand1<i<m
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(Almost) Vandermonde matrix

Theorem
m

det(Do) = [ Pi(a) - 1 (Fia) = Pi(a))

i=1 1<i<j<m
If P, are pairwise different then

S(z) = f[l Pi(z)- I (Pi(x)— P;(z)) is nonzero

1<i<j<m

But S(a)-Qi;(a) =0 modp forallaeNand1<i<m

Take big p

and recall that nonzero polynomials have bounded number of zeros

Filip Mazowiecki Nonlinear extensions of linear recurrence sequences 34/ 34



