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Linear integer arithmetic

Consider the structure (Z; +,6), with usual operations. We call it the linear
integer arithmetic or LIA.

Fact ([Pre29])
Let |k (n) hold if and only if k | n.

Every first-order formula in the structure (Z; +,6, |2, |3, . . . ) is equivalent to
a quantifier-free formula.

This means that linear integer arithmetic is well-behaved, in particular:

Corollary
Linear integer arithmetic has a sound and complete proof system.

This is not obvious—for example, the above does not hold for (Z; +, ·) [Gö31].
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Integers and natural numbers

Fact (Folklore)
The structures (N; +) and (Z; +,6) are bi-interpretable.

We will work in (N; +) for simplicity. Nevertheless, all that we will do can be
repeated for Z, using a generalization of two’s complement representation [Boi21].

Given a base k > 2, we can encode a tuple (x1, . . . , xm) ∈ Nm in the lsdfk
encoding as a string over the alphabet {0, 1, . . . , k − 1}m of formx1,0

...
xm,0


x1,1

...
xm,1

 · · ·

x1,n
...

xm,n

 ,

where xi,j is the j-th least significant digit of xi and x1, . . . , xm < kn. This
encoding is not unique.
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LIA and automata

Fact ([Bü60])
Every set of tuples of natural numbers definable using a LIA formula forms a
regular language in the lsdfk encoding in any base k.

Fact ([GS66])
LIA definable sets are exactly the semilinear sets, that is sets of form

(b1 + P∗
1 ) ∪ · · · ∪ (bn + P∗

n )

for bi ∈ Nm, Pi ⊆fin Nm.

Corollary
The regular language 0∗10∗ encodes the set {kn | n ∈ N}, which is not LIA
definable for any base k.

Is there an arithmetic that captures all regular languages?
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Büchi-Bruyère arithmetic

Let Vk(n) = km such that km | n and km+1 6 | n.

Fact ([Bü60, BHMV94])
The lsdfk encodings of sets of m-tuples definable in (N; +,Vk) are exactly the
regular languages over an alphabet of size km closed under appending trailing
zeroes.

Let us call this structure BAk .

For every k, the theory is different. In particular:

Fact ([Cob69])
If k and l are two numbers that do not share a common power, any set definable
both in BAk and BAl is definable in LIA.
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Theory of BAk

Büchi-Bruyère arithmetic is also well-behaved, in particular:

Corollary
BAk has a sound and complete proof system.

Fact ([Bü60, BHMV94])
The theory of BAk is TOWER-complete.

Fact ([HR21])
Every first-order formula of BAk is equivalent to a Σ2 formula.

For any k, there exists a first-order formula with one free variable that is not
equivalent to any Σ1 formula.
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A parametric view

Cobham’s theorem looks at the formulae of BAk defining a fixed set for different
bases.

What if we look at the sets defined by a fixed formula over the common signature
N ∪ {+,V }, interpreted in different bases? Let us call this PBA.

This might result in infinitely many different sets. How to encode them succinctly?
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Symbolic automata

Definition (Symbolic automaton — intuition)
A symbolic automaton is an automaton with formulae on transitions.

Actually,
there is much more to them [DV21].

Definition (Symbolic automaton)
A nondeterministic symbolic automaton (over σ) is a tuple
(Φ,Q, q0,F , δ) where:

Φ is a finite set of first-order formulas from Fσ called labels
Q is a finite set of states,
q0 ∈ Q is the initial state,
F ⊆ Q is the set of accepting states, and
δ : Q × Q → Φ is the transition function.

To read m-tuples of natural numbers, we will take σ = Nm and Fσ to be
quantifier-free formulae of (N; +, |2, |3, . . . , k) with free variables x1, . . . , xm,
representing the digits in the currently read symbol.
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A symbolic automaton

0

1

x1 + x2 = x3 + k

x1 + x2 = x3

x1 + x2 + 1 = x3

x1 + x2 + 1 = x3 + k

This automaton recognizes the set {(x1, x2, x3) | x1 + x2 = x3} in every base k.
The state stores the carry.
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Parametric Büchi-Bruyère theorem

Lemma
Symbolic automata with LIA labels can be determinized, and are closed under
language union, negation and projection.

Theorem ([KMS26])
Consider a first-order PBA formula with m free variables and a symbolic
automaton recognizing a language of m-tuples closed under appending zeroes.
We say they are equivalent if for each k, the language defined by the symbolic
automaton is exactly the lsdfk encodings of the set defined by the formula when
interpreted in BAk .
Such pairing always exists and is effective.

Proof.
From formula to automaton: construct automaton by structural induction.
From automaton to formula: an adaptation of the proof in [BHMV94].
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Conclusions

Corollary
The set of bases in which a first-order formula of parametric BA is true is
effectively definable in LIA.

The computation cannot be done essentially faster than TOWER.

Theorem ([KMS26])
Every first-order PBA formula is equivalent to a Σ3 formula.

There exists a first-order formula with one free variable that is not equivalent to
any Σ1 formula.

Mind the gap!
We don’t know whether Σ2 is enough.
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Other results

Augmenting PBA with multiplication by base k (resulting in
(N; +,Vk , x 7→ k · x)) leads to undecidability for one alternation.

Digitwise minimum &k allows to avoid universal quantifiers.
Symbolic automata accelerate arithmetic solving in all but very small bases.
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Further research

Close the gap for PBA collapse.

Parametric (a, b)-Zeckendorf systems (we have a partial picture).
Results for uncountable fields like R or Qp by ω-automata.

Thank you!
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