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Nivat’s conjecture is the 2D
generalization of the

Morse-Hedlund theorem
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Pattern complexity

Definition

Alphabet: A = { 0 , , , , }

Two-dimensional configuration: c ∈ AZ2 . Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 .

Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 .

Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 . Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 . Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 . Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

m

n

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 . Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

m

n

3 / 17



Pattern complexity

Definition

Alphabet: A = { 0 , , , , }
Two-dimensional configuration: c ∈ AZ2 . Let m,n ∈ N

Pc(m,n) := #{m× n rectangular patterns in c}.

m

n

3 / 17



Nivat’s conjecture in a nutshell

Nivat’s conjecture

Let c ∈ AZ2 . Then
∃m,n ∈ N, Pc(m,n) ¬ mn =⇒ c periodic.
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Counterexamples?

Goal: show that their existence is absurd.

periodic

periodic

periodic

???

Using an algebraic approach developed by Jarkko Kari and Michal
Szabados [Sza18].
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An algebraic approach
later...
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A short tale

Once upon a time, a master student was given a paper’s draft whose
only “proof details” she needed to write.

However, the key lemma she never managed to prove as she had
constructed a counterexample to it.
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Focusing on null regions

Theorem [KM21]

If c is a counterexample, then there exists a vector v ∈ Zd such that
arbitrary large regions of “0” appear in (Xv − 1)c.
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The zonogon that propagates zeroes

The algebraic approach provides us with m lin. independant vectors
v1, . . . ,vm and a set of points φ which is their “product”.

Key property
φ propagates zeroes.
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Can we say something about this region’s shape ?

c ≡ 0

False lemma: At the end of the process, all the blue edges are
parallels to those of φ.
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How does a shape evolve under
the expansion process ?
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Why focusing on parallels ?

c ≡ 0

φ
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Arbitrary long parallel sides ?

“Claim”?: Arbitrary large stable shapes must contain an arbitrary
long edge parallel to φ.

What’s true: A non-parallel hyperplan cannot be stable.
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Convexity preserving ?

“Claim”?: The expansion process preserves convexity, at least in a
local way.
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Simple connectivity preserving ?

“Claim”?: The expansion process preserves simple connectivity.
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So, what do we do?

We find a maximal stable shape using Zorn’s lemma
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Dziękuję
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Morse-Hedlund Theorem

Theorem (Morse,Hedlund [MH38])

A bi-infinite word c ∈ AZ is periodic iff there exists n ∈ N such that

Pc(n) ¬ n.
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3D counterexample

n
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