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Prior Work

Theorem (Minkowski, Friedman, Weisfeiler)

If a group G = ⟨A1, . . . ,Ar ⟩ ⊆ GLn(Q) is finite, then |G | ≤ 2n · n!.

Theorem (Schützenberger 1962)

If M = ⟨A1, . . . ,Ar ⟩ is finite and semi-simple, then |M| ≤ (2n + 1)n
2
.

Corollary (Mandel and Simon 1977, Jacob 1978)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then |M| ≤ Tower(n · r).

Theorem (Bumpus, Haase, Kiefer, Stoienescu, Tanner 2020)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every element can be obtained by an
exponential length product. (I.e. |M| ≤ 2-exp.)
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(co-NPSPACE=PSPACE)

4 / 10



This Talk

Theorem (This Talk)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every A ∈ M has polynomial bitsize in terms
of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

4 / 10



This Talk

Theorem (This Talk)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every A ∈ M has polynomial bitsize in terms
of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

Corollary

The membership problem in finite monoids is PSPACE-complete:

Input: Finite monoid M = ⟨A1, . . . ,Ar ⟩, matrix A.
Output: Is A ∈ ⟨A1, . . . ,Ar ⟩?

4 / 10



This Talk

Theorem (This Talk)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every A ∈ M has polynomial bitsize in terms
of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

Corollary

The membership problem in finite monoids is PSPACE-complete:
Input: Finite monoid M = ⟨A1, . . . ,Ar ⟩, matrix A.

Output: Is A ∈ ⟨A1, . . . ,Ar ⟩?

4 / 10



This Talk

Theorem (This Talk)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every A ∈ M has polynomial bitsize in terms
of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

Corollary

The membership problem in finite monoids is PSPACE-complete:
Input: Finite monoid M = ⟨A1, . . . ,Ar ⟩, matrix A.
Output: Is A ∈ ⟨A1, . . . ,Ar ⟩?

4 / 10



This Talk

Theorem (This Talk)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every A ∈ M has polynomial bitsize in terms
of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

Corollary

The membership problem in finite monoids is PSPACE-complete:
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If M = ⟨A1, . . . ,Ar ⟩ can be conjugated to the integers, then a corresponding
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Does strong-connectedness have a meaning
for the monoid?

No. If P ∈ GLn(Q) is some base change,
then M ≃ PMP−1, but M might be
strongly-connected and PMP−1 is not.

Idea: M is semi-simple if it is a disjoint
union of SCCs.
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1 1
0 1

)
⟩ = {

(
1 x
0 1

)
| x ∈ N}

is already in WM-D.
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Reminder: Goal of This Talk

Theorem (This Talk)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every A ∈ M has polynomial bitsize in terms
of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

Theorem (Schützenberger 1962)

If M = ⟨A1, . . . ,Ar ⟩ is finite and semi-simple, then |M| ≤ (2n + 1)n
2
.

Theorem (Bumpus, Haase, Kiefer, Stoienescu, Tanner 2020)

If M = ⟨A1, . . . ,Ar ⟩ is finite, then every element can be obtained by an
exponential length product. (I.e. |M| ≤ 2-exp.)

Proof Strategy: W.l.o.g. M is in WM-D Form.
Let A ∈ M. To bound entries on the block-diagonal use Schützenberger’s result.
To bound entries above the diagonal, use BHKST’20.
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Lemma (Schützenberger 1962)

If M is finite, then TrB(M) ⊆ {−n, . . . , n}dim(span(M)).
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of A1, . . . ,Ar . (I.e. |M| ≤ exp.)

Proof.

Write A = A1 . . .A2n . Write Ai = Di + Ui .

A =
∑

{i1,...,in}⊆{1,...,2n}(D1 . . .Di1−1)Ui1 . . .Uin(Din+1 . . .D2n)
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