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N =< N, {” = 0”}, {”− 1”} >

P(Γ,N) =< (Γ× N)∗, {” = 0”} ∪ {Pε} ∪ {PA | A ∈ (Γ)},
{”− 1”} ∪ {push(γ) | γ ∈ Γ∗} >

”− 1”(A[i ] . . . ) := A[”− 1”(i)] . . .
” = 0”(A[σ] . . . ) := ” = 0”(σ)

γ = X1X2...Xk

A[i ] . . .
push(γ)−−−−→ X1[i ]X2[i ] . . .Xk [i ] . . .

A[i1]

B[i2]

C [i3]
...
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(X , g) → (Y1...Yk , op)

X[i ]
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constructive proof

Theorem (G → A)
Let G be a N-indexed grammar, without infinite derivations,
producing u(n) derivation trees from the axiom indexed by n.
There exists a P2(N)-transducer that computes u(n).

Theorem (A → G)

Let A be a P2(N)-transducer, without livelock from any
configuration, computing u(n). There exists an N-indexed grammar
producing u(n) derivation trees from the axiom indexed by n.
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Computed by
P2(N)-transducers

Enumerating trees
generated

by N-grammars

?

Polynomial
recurrent

u(n) = 22n

D-finite

u(n) = n!

Algebraic

✓

Fratani
Sénizergues
APAL 06

Syntactic
restriction

Polynomial recurrent : ui (n + 1) = Pi (f1(n), ..., fk(n))
For all i ∈ [0, k] and n ∈ N
With Pi ∈ N[X1, ...,Xk ]
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A =< S,Pred ,Op >

P(Γ,A) =< (Γ× S)∗,Pred ∪ {Pε} ∪ {PA | A ∈ (Γ)},
Op ∪ {push(γ) | γ ∈ Γ∗} >

∀op ∈ Op, op(A[σ] . . . ) := A[op(σ)] . . .
∀p ∈ Pred , p(A[σ] . . . ) := p(σ)

γ = X1X2...Xk

A[σ] . . .
push(γ)−−−−→ X1[σ]X2[σ] . . .Xk [σ] . . .

A[σ1]

B[σ2]

C [σ3]
...
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Theorem (G → A)

Let G be a Pk(A)-indexed grammar, without infinite derivations,
producing u(σ) derivation trees from the axiom indexed by σ.
There exists a Pk+2(A)-transducer that computes u(σ).

Theorem (A → G)

Let A be a Pk+2(A)-transducer, without livelock from any
configuration, computing u(σ). There exists an Pk(A)-indexed
grammar producing u(σ) derivation trees from the axiom indexed
by σ.
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Pq,r

T2((q, g) → (p, ε, push1(A1A1)))=
{(q, g) → (p, ε, id)}
∪{(q, g ∧ Pp,r ) → (r , ε, id)|r ∈ Q}

T2((q,Pε2) → (p, ε, pop1)) = {}

T2((q,Pε2) → (p, a, pop1)) = {(q,Pε) → (⊤, ε, id)}
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